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Abstract

How do people learn functions on structured spaces? And how do they use this knowledge to guide their search for rewards
in situations where the number of options is large? We study human behavior on structures with graph-correlated values
and propose a Bayesian model of function learning to describe and predict their behavior. Across two experiments, one
assessing function learning and one assessing the search for rewards, we find that our model captures human predictions
and sampling behavior better than several alternatives, generates human-like learning curves, and also captures participants
confidence judgements. Our results extend past models of human function learning and reward learning to more complex,
graph-structured domains.
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Introduction concluded that these finches all originally derived from the
same finch and then gradually adapted to the conditions
On September 15th, 1835, Charles Darwin and the crewf the Islands. Since nearby islands had similar conditions,
of the HMS Beagle arrived in the Galapagos Islands. Adinches on these islands had more similar beaks.
part of a 5-year journey to study plants and animals along DarwinOs historical insight is an example of function
the coast of South America, Darwin collected specimengearning, where a function represents a mapping from some
of Galapagos finches, which would become an importaninput space to some output space. In DarwinOs case, the
keystone for his theory of evolution. Back in England, hypothesis was a function mapping a birdOs habitat to the
Darwin began to study the geographical distribution of thecharacteristics of its beak (e.g., size). Function learning has
birds, particularly the relationship between their featuregdraditionally been studied with continuous input spaces, but
and their habitat. He noticed that while finches on nearbyunctions can also be defined over discrete input spaces such
islands had similar beaks (e.g., the vegetarian tree finchess graphs. While the geography of habitats can sometimes
and the large insectivorous tree finches with their broade described by a Cartesian coordinate system (latitude and
and stout beaks), finches on more distant islands wer®ngitude), the Galapagos is structured as a chain of islands,
more dissimilar (e.g., the cactus ground finch with itswhere the Euclidean distance within an island can be larger
long and spike-like beak). From these observations, Darwithan the distance between islands. Since finches from the
same island tend to be similar, the relevant metric for
function learning may be topological rather than Euclidean

t CharleyM.Wu distance, where the chain of islands can be described as a
charley.wu@uni-tuebingen.de

graph.
Function learning on graph-structured inputs spaces is
1 Present address: Human and Machine Cognition Lab, not restricted to scientific epiphanies; it also applies ubig-
University of Tubingen, Tibingen, Germany uitously to daily life. For example, the spread of disease,
2 Harvard University, Cambridge, MA, USA ideas, and cultural products from interpersonal contact can
8 Center for Adaptive Rationality, Max Planck Institute be understood as functions defined over social graphs.
for Human Development, Berlin, Germany We can learn to predict which of our friends will like a
4 Max Planck Institute for Biological Cybernetics, piece of music after observing the music preferences of
Tubingen, Germany other friends in our social network. Similarly, as many
5 Center for Brains, Minds and Machines, parents of toddlers know, the appearance of a sickness in
Cambridge, MA, USA daycare is highly predictive of who will get sick next.

Published online: 02 November 2020 @ Springer



Comput Brain Behav

Beyond social graphs, the flow of individuals in a trans-but using a prior over functions designed for discrete spaces
portation network and the distribution of food resourcegKondor and Lafferty2002. Not only do we find strong
in patchy environments can likewise be described usingmpirical evidence for our model, but it also provides new
graph-structured functions. theoretical connections to past research on human function
Despite the ubiquity of graph-structured functions,learning, sample-efficient exploration, and classic theories
most studies of function learning (as we review below)of generalization and learning.
have examined only continuous input spaces. In addition,
reinforcement learning in discrete state spaces can aldeunction Learningin Continuous Spaces
be interpreted as a form of graph-structured function
learning, but relatively little work has examined patternsResearch on human function learning was originally
of generalization beyond very simple graph structurepioneered by Carroll1963, who studied how participants
(e.g., Wimmer et al2012 Gershman and Ni2015. Can learned to predict the length of a line (output) based on
similar computational principles of inference and searchthe horizontal position of a OVO shaped marking (input).
that describe human behavior in continuous spaces alddnknown to participants, the relationship between the
apply to discrete, graph-structured spaces? inputs and outputs were governed by either a positive linear,
In this paper, we investigated how people learn grapha quadratic, or a random function. Carroll®6Q study
structured functions and use this knowledge to guide thevas motivated by the goal of showing that people could
search for rewards. In Experiment 1, we studied how peoplextrapolate functions to generate novel predictions about
infer the values of nodes on complex graphs (correspondingutcomes that had never before been observed. In contrast
to the number of passengers on a virtual subway mapjp classical theories of generalization (Shepard et@6.),
where values were correlated by the connectivity structureCarrollOs work provided evidence for a mechanism of
such that connected nodes had similar values. This igeneralization that went beyond merely predicting the same
a discrete analogue of traditional function learning task®utcome as that of the most similar previous experiences.
on continuous input spaces, where we hypothesized th#tside from showing that function learning was an important
people would be able to make accurate predictions byeature of human inference, Carroll963 also discovered
taking into account the connectivity structure of the graphthat some functions, such as linear ones, were easier to learn
We tested this hypothesis by analyzing performance anthan others, such as nonlinear ones. Subsequent studies of
comparing different computational models in their ability to human function learning built on CarrollOs initial insight
predict participantsO judgments and confidence ratings. &md further investigated which types of functions were
Experiment 2, we studied how people search for rewards omore difficult to learn (Brehmerl974 Koh and Meyer
complex graphs, tantamount to a 64-armed bandit probleni 991, Busemeyer et all997), finding that linear functions
where each arm of the bandit corresponded to a node owmith positive slopes are the most learnable, and that both
a graph and rewards were similarly correlated based ononlinear functions and linear functions with negative
connectivity. Here, we hypothesized people would be ablslopes are more difficult to learn.
to leverage the structure of the environment to explore A problem with many of these early studies was the
efficiently and rapidly acquire better rewards, using theinflexibility of their models. Likely inspired by timely
same computational principles of function learning foradvances in statistical methods of least-square estimation,
inferring value. We tested this hypothesis through boththey assumed that participants used a specific parametric
behavioral analyses and computational modeling, where waodel, for example, linear regression, and then learned
compared models that differed in how they generalizedy optimizing the parameters to explain the data. Yet
about novel stimuli and in their exploration strategies. the parametric classes of function used in these studies
Our results indicate that people learn and search fowere insufficiently flexible to account for human function
rewards consistent with a Bayesian model of function learnlearning. Instead of only adapting a specific class of
ing, implemented using Gaussian process (GP) regressidanctions to a particular set of observations, people seem
with a diffusion kernel. Our diffusion kernel GP model to adapt the model itself when encountering novel data.
outperformed various alternatives in predicting inferencesBrehmer (976 tried to explain some of these effects
uncertainty judgements, and when combined with an optiwith a sequential hypothesis testing model of functional
mistic sampling strategy (upper confidence bound samrule learning, according to which participants adapt the
pling), also performed best in predicting sampling deci-complexity of their model by performing sequential
sions on a 64-armed bandit problem with graph-structurettypothesis tests and pivoting between parametric forms
rewards. This model builds on past studies using Gaussiah necessary. However, this model still required a pre-
process regression to describe human function learning aetermined set of parametric rules that could be compared,
continuous spaces (Lucas et 2015 Schulz et al2017, such that it is not able to explain the ability to learn almost
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any function given enough data. Thus, these eanide- model of human function learning, and that it replicates
basedmodels of human function learning could not easilymost of the observed empirical phenomena of human
explain the full range of human function learning abilities; function learning. Importantly, GP regression performs
more flexible models were needed. posterior inference in a way that can be understood as both
To overcome the weaknesses of rule-based models sfmilarity-based (because the kernel provides a similarity
human function learning, several researchers proposedraetric between data points) and rule-based (because the
novel class okimilarity-basedmodels of function learning. kernel can be expressed as a linear weighted sum), providing
These models operated under the assumptions that similar further unification of rule-based and similarity-based
input points will produce similar outputs and used neuratheories (Lucas et a2015.
networks to model behavior (McClelland et &al986.
These models could not only theoretically learn nearly anyJsing Function Learning to Guide Search
function, they were also able to capture the effect that linear
functions are easier to learn than nonlinear functions. Learning a function is not only useful for making explicit
An important distinction in the literature on function generalizations about novel situations, but can also be
learning (and machine learning more generally) is betweensed to guide adaptive behavior by leveraging functional
interpolation (i.e., predictions for points nested betweerstructure to predict unobserved rewards in the environment.
training examples) and extrapolation (i.e., predictiond=or example, in reinforcement learning tasks where options
outside the convex hull of training inputs). Whereashad inversely correlated rewards (Wimmer et2012 or
similarity-based models can explain order-of-difficulty with rewards structured as a linear function (i.e., linearly
effects in interpolation tasks, they have trouble explainingncreasing rewards from option 1 to optidh1 Schulz et al.
how people extrapolate. Specifically, people tend to mak&019, participants were able to rapidly learn this structure
linear predictions with a positive slope and an interceptand leverage it to facilitate better performance, even without
of zero when extrapolating functions (Kwantes and Neahaving been explicitly told about the underlying structure.
2006. This linearity bias holds true even when the Intasks with alarge number of options, it becomes important
underlying function is nonlinear; for example, when trainedto be able to learn efficiently, for instance by using features
on a quadratic function, average predictions fall betweemf the task to predict rewards (Farashahi et28l17 Rad-
the true function and straight lines fit to the closest trainingulescu et al2019. One approach is to learn an implicit value
points (Kalish et al2004). function mapping features onto rewards (Schulz e2@l.?),
Since traditional similarity-based models of function learn-which can be used to guide efficient exploration even in
ing could not easily explain these extrapolation patternsinfinitely large problem spaces. Previous work has suc-
the class of function learning models had to be extendedessfully used a GP model of function learning to predict
even further. This led to the development of so-caligdrid  human search behavior in a variety of both spatially and
models of function learning, which contain an associativeconceptually correlated reward environments (Wu et al.
learning process that acts on explicitly represented rule2018 Wu et al.202Q Schulz et al2018, where the number
One such hybrid model is the Extrapolation-Associationof options vastly outnumbered the sampling horizon.
Model (DeLosh et al1997), which uses similarity-based In transitioning from a pure function learning paradigm
interpolation, but extrapolates using a simple linear ruleto a reward learning paradigm, the demands of the
The model effectively captured the human bias towardsask change from pure information maximization to a
linearity, and could predict human extrapolations for a vari-balance between exploration and exploitation (Cohen
ety of functions, but without accounting for non-linear et al. 2007 Mehlhorn et al.2015 Schulz and Gershman
extrapolation (Bott and Hel2004). 2019. Typically studied in multi-armed bandit tasks,
More recently, another class of models was developethe exploration-exploitation dilemma requires an agent
using Gaussian procesg§GP; Rasmussen and Williams to trade-off between sampling novel options to acquire
2006 regression to model function learning based orpotentially useful information about the structure of rewards
the principles of Bayesian inference. The GP frameworkexploration) with sampling options known to have high-
describes a prior over functions, which given a set ofvalue payoffs (exploitation). Not enough exploration, and
observed data points, can be used to infer a posterighe agent could get stuck in a local optima, while not enough
distribution over functions. Importantly, GP regression isexploitation and the agent never reaps the rewards they have
a non-parametric model (Schulz et &018 Gershman discovered.
and Blei 1), meaning that it adapts its complexity to the Since optimal solutions in such tasks are intractable
encountered data rather than assuming a fixed level dbr all but the most simplistic scenarios (Whittle980),
complexity. Griffiths et al. 2009 and Lucas et al.2015  a variety of heuristic algorithms are commonly used. One
were the first to show that GP regression provides a rationauch algorithm is upper confidence bound sampling, which
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adds an Ouncertainty bonusO to each optionOs value (Aaedom exploration strategies must be used (e.g., softmax
2002. Since this corresponds to a weighted sum of theexploration). A combined model of GP regression with
expected reward and its uncertainty, this algorithm explicitiyupper confidence sampling has proved to be an effective
encodes the trade-off between exploration and exploitatiormodel in a wide number of contexts, describing how people
Although earlier studies produced mixed evidence for arexplore different food options based on real-world data
uncertainty bonus in human decision making (Daw et al(Schulz et al.2019, predicting whether or not to people
2008 Payzan-LeNestour and Bossagttd 1), many recent  will try out novel options (Stog et al.2020, and explaining
studies have shown that humans do engage in uncertaintgevelopmental differences between how children and adults
guided exploration (Gershm&018a Wilson et al.2014  search for rewards (Schulz et 2018 Meder et al2020).
Knox et al. 2012 Gershman2019 Speekenbrink and
Konstantinidis2015 Wu et al.2018.

A key component for performing uncertainty-guided Function Learning in Graph-Structured
exploration is being able to estimate the uncertainty ofSpaces
oneOs predictions. Since GP regression is a Bayesian
model of function learning, uncertainty is quantified by theln the current work, we examine whether principles of
posterior distribution. In contrast, a model that makes onlyfunction learning can be used to model human inference
point estimates of expected reward does not have acceasd search for rewards in graph-structured spaces (see
to uncertainty-guided exploration. Instead, less efficienfig. 1). Studying these environments greatly expands the
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Fig. 1 Function learning in discrete (top) and continuous (bottom)any two nodes ands' decays monotonically as a function of graph
spaces. Moving from left to right, we illustrate how an appropriatedistance. The diffusion parametegoverns the rate of decay.In the
measure ofimilarity encoded by &ernelfunction can be used infer limiting case of an infinitely fine lattice graph, the diffusion kernel is

a function, which when conditioned on previoolsservationsnakes  equivalent to aadial basis function(RBF) kernel. The RBF kernel is
Bayesianpredictionsabout novel inputsa An example of a discrete commonly used in continuous domains, where covariance is a function
graph structure, where nodes represent states, edges indicate trargfiEuclidean distance between data points. The length-scale parameter
tions, and similarity is based on the connectivity between any twd' controls the rate of this decagGiven some observations on a graph
nodess ands'. The color of the nodes indicates the covariance of the(colored nodes) dfrin a continuous input space (points), we use Gaus-
diffusion kernek(s, s') centered on nodg which decreases monoton- sian process (GP) regression to make probabilistic predictigfiy (
ically with graph distanceb A continuous input space represents dataabout expected function valuesin the graph example, the posterior

as a set of feature values, where similarity is the inverse of (Euclideanmnean is represented by numbers in the gray nodes, and the posterior
distance in feature space. Colors indicate the covariance of the radiahcertainty (variance) is represented by the size of the halo.the

basis function (RBF) kernel centered on inmjtwhich decreases continuous input space, the posterior mean is represented by the blue
monotonically with Euclidean distanceThediffusion kernehssumes  line, while the shaded blue ribbon represents the 95% confidence inter-
function values diffuse across the graph according to a random walkzal. Each of the red lines represents a randomly sampled function from
The correlation between function values (normalized covariance) ahe posterior
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scope of classical function learning models, and addressegsedictive distributionp(f (s ¢9|D) for any target statesy
an important gap in our understanding of how peoplge.g., an unobserved node; Fifyg). This posterior is a
reason about structured environments (e.g., social graphs Gaussian distributiop(f (s 9|D) = N (mes Vo), where the
subway networks) that are ubiquitous in our daily lives.  meanmg,and variance,are defined as:

In what follows, we will first introduce the GP regression _ -
framework, and then specialize it to the problem of function %~ k°g/L°(K +$7) Yy , 2)
learning on graphs. The key mathematical tool that weVe%= K(S%S%) ' Kgi(K + $71) ko 3)

employ is the diffusion kernel (Kondor and Laffe@03, ¢ is theN ( N covariance matrix evaluated at each pair of
which offgrs one of the S|mple_st ways to deflneT PriorSgpserved inputs, ankhs = [ K(st, o), - . ., K(Sn, S9)] is the

over functions on graphs. We will show how the diffusion ¢oyariance between each observed input and the target input
kerne_l naturally connects to past models of human fu_n_ctlog% Thus, as illustrated in Figlg, the GP posterior allows
learning. We will then put this model to an empirical ;5 to make Bayesian predictions about the expected output
test, presenting two experiments studying how people mak@no/a and uncertaintyu) for any unobserved nodg;on the
inferences and search for rewards on graph StrUCture§raph.

In Experiment 1, participants were shown a series of pg pointed out by Lucas et al2015, we can draw
artificially generated subway maps and asked to predict thg connection between GP regression and similarity-based

number of passengers at unobserved stations. In Experimeniqels of function learning. In particular, the posterior

2, participants played a graph-structured multi-arm bandibregictive mean (EcR) can alternatively be expressed as a
task, where arms correspond to nodes in the graph, and “%ﬁnilarity—weighted sum:

payoffs are correlated via the connectivity structure.

Gaussian Process Regression Moo= ) 1W”k(S’"S°/9’ (4)

A GP (Rasmussen and Williand§06 defines a distribution Where eachs, is a previously obseryed input, and the
over functionsf : S " R that map the input space weights are given byv = K+ $2| 'y, Intuitively,

s # S (e.g., nodes on a graph; Fida) to real-valued this means that GP regression is equivalent to a linearly
scalar outputs (e.g., rewards). Intuitively, for any finite set ofweighted sum of similarities between the target input and
inputs{s, s, ...sn }, we can express the output of a function the observed input (see Schulz et20)18 for a tutorial).

as a vector of finite length = {f1,fo,...,f n}. Each

function vectorf can be modeled as a random draw from aThe Diffusion Kernel

multivariate normal distribution:

! " We now introduce a kernel function that is specialized for
f$ GP m(s).k(s.s) , @ graph-structured input spaces. A grdph (S, E) consists
wherem(s) = E[f(s)] is a mean functiohspecifying the of nodess # S and edge® # E (Fig. 1a). As a concrete
expected output of the function given inpgitandk(s,s)  example, a subway map describes a graph structure, where
is the kernel function (see below) defining the covarianceodes correspond to stations and edges correspond to
between outputs for a given input p&, s'). connections between stations. For now, we assume that

We can think of each function as a potential hypothesisall edges are undirected, so that probabilistic dependencies
relating each node# S to some function valug(s) , where  between any two adjacent nodes are symmetric.
the GP describes a distribution over functions and the kernel The diffusion kernel (DF; Kondor and Laffert§002
encodes inductive biases about how smoothly the functioflefines a similarity metrik(s, s') between any two nodes
varies across the input space. Thus, the distributional natuféased on the matrix exponentiatfaof the graph Laplacian:
of thg GP gaptures uncertainty across diffe_rent p.otentiqj< = exp(’ !L), 5)
functions (Fig.1). In the next section, we will define a
kernel specialized for graph-structured functions. where the graph Laplaciah captures the transition
We model a scenario in which an observer measurestructure of the graph based on the difference between the
observationsy = f(s) + # where# $ N (0,$2) is adjacency matriA and degre®:
Gaussian noise added to the output value. Given a daLa: D' A ©6)
set of observation® = {s, y} containingN input-output

pairs (Fig.1gbh), we can use a GP to compute the posteriogf———— _ o
In practice, the matrix exponentiation in Egcan be computed by
I first decomposing. into its eigenvectorgu;} and eigenvalue§';},
Iwe follow the convention of setting the mean function to zero, suchand then syibstituting matrix exponentiation with real exponentiation
,..

that the GP prior is fully defined by the kernel usingK = ;e iy uf‘.
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Each elemen®\j of the adjacency matrid is 1 when restricted by the graph structure. The RBF kernel can be
nodesi andj are connected, and O otherwise, whileis  understood as a special case of the diffusion kernel, when
a diagonal matrix computed from the row sumsfofand the environment is symmetric and transitions are unre-
describe the number of connections of each node. Returnirgiricted. The diffusion kernel is therefore able to offer
to our subway example, when there exists a route betweem broader framework for modeling function learning and
stations andj , thenAj = 1whileLj ="' 1.Inaddition, search, which subsumes past research on human behavior
for any stationi, bothDj; andL;; indicate the number of in spatial and conceptual input spaces (Wu eR@ll§ Wu
connected stations. The graph Laplacian can also descrile¢ al.2020.

graphs with weighted edges, where we can substitute the

weighted adjacency matri/ for A, where each element

W; describes the edge weight between nodeand j,  Experiment 1: Subway Prediction Task
and the weighted degree of each node is expressed in the
diagonals oD. In our first experiment, participants were shown various

Intuitively, the graph Laplacian can be understood as graph structures described as subway maps @igand
measure of theOfluxO between nodes, for instance, the flovere asked to make predictions about unobserved nodes.
of passengers along different sections of a subway networleor each prediction, participants also gave confidence
Flux between node$ andj is not only influenced by judgments, which we use as an estimate of their (inverse)
whether they are connected, but is also affected by othamcertainty. We used a GP parameterized with a diffusion
connected nodes. For instance, if two train stations arkernel as a model of function learning in this task, which we
connected to many other stations, then there is a relativelyompared with several alternative models.
low probability that a randomly selected commuter will
transit between them, compared with when the two stationMethods
have few alternative connections.

The diffusion kernel uses this intuition to define a Participants
similarity metric over discrete graph-structured spaces
(Fig. 1a), by assuming that output values diffuse along theVe recruited 100 participantsMage = 32.7; SD =
edges of a graph, similar to a heat diffusion process. Th8.4; 28 female) on Amazon Mechanical Turk (requiring
free parameter models the rate of diffusion, whete" 0  a 95% approval rate and 100 previously completed HITSs)
assumes complete independence between nodes$, &nd to perform 30 rounds of a graph prediction task. The
) assumes all nodes are perfectly correlated. Thus, closeBxperiment was approved by the Harvard Institutional
connected nodes are assumed to have similar output valudseview Board (IRB15-2048).
where the covariance between nodes decays monotonically
as a function of graph distance (Fix). Procedure

Connecting Spatial and Structured Generalization ~ On each graph, numerical information was provided about
the number of passengers at 3, 5, or 7 other stations
The GP framework allows us to relate similarity-based(along with a color aid), from which participants were
generalization on graphs to theories of generalization iasked to predict the number of passengers at a target
continuous domains (Fid. bottom row). Consider the case station (natural numbers from 0 to 50) and provide a
of an infinitely fine lattice graph (i.e., a grid-like graph confidence judgment (Likert scale from 1 to 11). The
with equal connections for every node and with the numbesubway passenger cover story was used to provide intuitions
of nodes and connections approaching infinity). Followingabout graph-correlated functions, similar to our example
(Kondor and Lafferty2002 and using the diffusion kernel from the introduction. The color aid was generated through
defined by Eg5, this limit can be expressed as a continuous, linear mapping (similar to Wu et 2018
| 1 ' I s S!|2( Schulz et al. 2019 Meder et al. 2020, with both
k(s,s) = % exp , (7) hue and brightness changing monotonically with value.
(4%!) 4 Additionally, participants observed 10 fully revealed graphs
which is equivalent to the radial basis function (RBF)to familiarize themselves with the task and completed a
kernel. The RBF kernel provides a similarity metric in con-comprehension check before starting the task.
tinuous spaces based on Euclidean distance between dataParticipants were paid a base fee of US$2.00 for
points (Fig. 1b), where similarity is the inverse of dis- participation with an additional performance contingent
tance. In comparison, the diffusion kernel models similaritybonus of up to US$3.00. The bonus payment was based on
based on the dynamics of diffusion, where transitions aréhe mean absolute judgement error weighted by confidence
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Fig. 2 Screenshot from

Experiment 1. Observed nodes Pred iCtion TaSk

(3, 5, or 7 depending on the .
information condition) are Current Network: 4/30

shown with a numerical value Current Weighted Error: 10.19
and a corresponding color aid.
The target node is indicated by
the dashed outline, and
dynamically changed
value/color as participants
moved the top slider. Confidence
judgments were used to
compute a weighted error (i.e.,
more confident answers having
a larger contribution), which

was used to determine the
performance contingent bonus

® 17 35 ;

How many passengers do you think will be observed at the selected station?

Few ’ Many

How confident are you?

Not very confident ' Highly confident
Submit

judgmentsRponys = US$3.00( (25 & i &%)/ 25 where by using leave-one-round-out cross-validation to iteratively
€ is the normalized confidence judgmemt= &C'TJ and# compute the maximum likelihood estimates on a test set,
is the absolute error for judgmeintOn average, participants and then make out-of-sample predictions on the held-
completed the task in 8.09 milSD = 3.7) and earned out round. We repeated this procedure for all rounds and
US$3.87 6D = US$0.33). compared the predictive performance (see Appeggover

All participants observed the same set of 40 graphs thaall held-out rounds.
were sampled without replacement for the 10 fully revealed The two heuristic strategies for function learning on
examples in the familiarization phase and for the 30 graphgraphs make predictions about the output values of a target
in the prediction task. We generated the set of 40 graphs kstate sy, based on a simple nearest neighbors averaging
iteratively building 3 3 lattice graphs (also known as meshrule. Thek-nearest neighborékNN) strategy averages the
or grid graphs), and then randomly pruning 2 out of the 12values of thek nearest nodes (including all nodes with
edges. In order to generate the functions (i.e., number gfame shortest path distance askith nearest), while the-
passengers), we sampled a single function from a GP prigrearest neighbor@NN) strategy averages the values of all
over the graph, where the diffusion parameter was set toodes within path distanak Both KNN and dNN default to

1 = 2. a prediction of 25 when the set of neighbors are empty (i.e.,
the median value in the experiment).
Modeling Both the dNN and kNN heuristics approximate the

local structure of a graph with the intuition that nearby
We compared the predictive performance of the GP with twaodes have similar output values. While they sometimes
heuristic models that use a nearest neighbors averaging ruteake the same predictions as the GP model while having
(see below). Models were fit to each individual participantlower computational demands, they fail to capture the full
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connectivity structure of the graph. Thus, they are unablebservations increasedb(imnodes = ' 0.60, 95% HPD:
to learn directional trends (e.g., increasing function value§ 0.79' 0.41], BF1o= 1.1( 107; Table 1 in Appendixi;
from one end of the graph to the other) or asymmetrid=ig. 3a). Repeating the same analysis but using participant
influences (e.g., a central hub exerting relatively largerconfidence judgments as the dependent variable, we found
influence on sparsely connected neighbors). Additionallythat confidence increased with the number of available
they only make point-estimate predictions, and thus do nabbservations lyumnodes = 0.23, 95% HPD:[0.17, 0.30,
capture the underlying uncertainty of a prediction,whichweBF1g = 4.7 ( 10°; Table 1 in Appendixl; Fig. 3b).

use to model confidence judgments. Finally, participants were also able to calibrate confidence
judgments to the accuracy of their predictions, with higher
Results and Discussion confidence predictions having lower errdicdnfigence =

' 0.66, 95% HPD 0.83' 0.49, BF1p = 4.0( 105
All code and data necessary to replicate the analyses ifable 1 in Appendixl; Fig. 3c). We found no effect of
this manuscript are publicly availablelatps://github.com/ round number on prediction errobgung = 0.01, 95%
charleywu/graphinferencd-igure 3 shows the behavioral HPD: [0.02"' 0.03, BF19 = 0.06), suggesting that the
and model-based results of the experiment. We appliethmiliarization phase and cover story were sufficient for
Bayesian mixed effects regression to estimate the effeqtroviding intuitions about graph-correlated structures.
of the number of observed nodes on participant prediction Figure 3d shows the model comparison results. We
errors, with participants as a random effect (see Table 1 ievaluated the relative performance of models using the
Appendix 1 for details). Participants made systematicallyprotected exceedence probability (pxp), as a Bayesian
lower errors in their predictions as the number ofestimate of the probability that a particular model is

a  Prediction Error b  Confidence Judgments c  Confidence and Error
25 . 1 b confidence = 10.66, 95% HPD: [10.83, 10.49]
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Fig. 3 Experiment 1 resultsafb Participant judgment errors and con- as an estimate of the posterior probability of a given model being the
fidence estimates. Each dot is a single participant (averaged ovenost frequent in the population (corrected for chaned@he number
each number of observed nodes), with Tukey box plots and diamondsf participants best fit by each modélParameter estimates, where
indicating group means. The dotted line anis a random baseline each dot is the mean cross-validated estimate for each participant, with
(simulated by uniformly sampling judgments from 0 to 50)JJudg-  Tukey box plots and diamonds indicating group meagrighe inverse
ment error and confidence. Each colored dot is the aggregate meaalationship between GP uncertainty estima$dsad participant con-
with error bars indicating the 95% CI. The black line is the group-fidence judgments (Likert scale), where the colored dot and error bars
level effect of a Bayesian mixed model (Table 1 in Append)x indicate (respectively) the aggregate mea85% CI computed at 10
indicating the posterior mean and 95% CI (ribbod)Hierarchical  equally spaced intervals along tlkeaxis. The black line is the fixed
Bayesian model comparison between the Gaussian process (GP) wifffect of a Bayesian mixed model (Table 1 in Append)xwith the
diffusion kernel, d-nearest neighbors (dNN), and k-nearest neighbonsbbon indicating the 95% CI

(kNN). The bars indicate the protected exceedence probability (pxp)
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a Fully revealed environment b Screenshot of search task ¢ Bonus round

Current Score: 1296
Clicks remaining: 1
Current round: 1/10

How many points do you think will be observed at the selected node?

Few

Many

How confident are you?

Least confident Most confident®

Fig. 4 Experiment 2 screensho@ Four fully revealed environments 20th trial on the last round. 10 unclicked nodes were uniformly sam-
were shown to participants prior to beginning the taslouring the  pled and participants were sequentially asked to make judgments about
task participants were instructed to click nodes to earn as much rewaekpected rewards and report their confidence rating. The expected
as possible. Clicked nodes displayed the numeric value of the earnedward slider was mapped to the selected node, such that the color and
reward and a color guide (darker colors indicate higher rewands). numerical value dynamically changed as the slider was moved
Zoomed in screenshot of the bonus round, which activated after the

more frequent in the population than all the other modelgbgpuncertainty =" 1.8, 95% HPD{' 2.5' 1.1], BF1p =
under consideration, corrected for chance (see Appehdix 1.2( 10°; Table 1 in Appendixi; Fig. 3g).
Stephan et al2009 Rigoux et al.2014. The GP with The results of this experiment demonstrate that a GP
diffusion kernel was overwhelmingly the best model, withwith a diffusion kernel can successfully model human
pxp(GP) + 1. Overall, 68 out of 100 participants were function learning on graphs, in particular the empirical
best predicted by the GP, 21 by the dNN, and 11 by theattern of predictions and confidence ratings. Our model
kNN (Fig. 3e; see Fig6 for additional comparisons between extends existing theories of human function learning in
model predictions and participant judgments). continuous spaces, where the RBF kernel (commonly used
Figure 3f shows individual parameter estimates ofin continuous domains) can be seen as a special limiting
each model. The estimated diffusion parametewas case of the diffusion kernel.
substantially lower than the ground truthlof 2 (t(99) =
' 31.3,p < .001,d = 3.1,BF 19 = 4.4( 10793, replicating
previous findings that have shown undergeneralization to bExperiment 2: Graph Bandit
a prominent feature of human behavior (Wu et2018.
Estimates ford and k were highly clustered around the In our next experiment, we tested the suitability of the
lower limit of 1, suggesting that averaging over largerdiffusion kernel as a model of search, using a multi-
portions of the graph were not consistent with participantirmed bandit task with structured rewards (see also Wu
predictions. et al.2018. In particular, extending our previous work on
Lastly, an advantage of the GP is that it producesspatially and conceptually correlated multi-armed bandits
Bayesian uncertainty estimates for each prediction. WhiléWu et al. 2018 Wu et al. 2020, we constructed a task
the dNN and kNN models make no predictions aboutwhere rewards were defined by the connectivity structure
confidence, the GPOs uncertainty estimates correspoafla graph (Fig4). In this task, participants searched for
to participant confidence judgments, which we validatedrewards by clicking nodes on a graph. As in Experiment 1,
using a Bayesian mixed model regressing the uncertaintthe output values (rewards) were generated by a function
estimates of the GP onto participant confidence judgmentdrawn from a GP with a diffusion kernel. This induced a
graph-correlated reward structure, allowing for similarity-
based generalization to aid in search, but where similarity
mults reported in Wu et &0(9 suffered from numerical was defined bas_ed on ,ConneCtIVIty rather thgn perceptual
instability during matrix exponentiation when computing the diffusion féatures or Euclidean distances between options as in our
kernel, and thus yielded different estimates. previous work.
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Methods canonical layout for each graph was observed by all
participants. For each participant, we sampled (without
Participants replacement) from the same set of 40 pre-generated graphs

to build the set of 4 fully revealed graphs shown in the
We recruited 100 participants on Amazon Mechanical Turkinstructions and the 10 graphs used in the main experiment.
(requiring 95% approval rate and 100 previously completed Prior to beginning the very last round, participants were
HITs). Two participants were excluded because of missingnformed that it was a Obonus roundO. The goal of acquiring
data, making the total sample sike= 98 (Mage = 34.3; as many points as possible remained the same, but after 20
SD = 8.7; 32 female). Participants were paid $2.00 forclicks, participants were shown a series of 10 unrevealed
completing the task and earned an additional performancaodes and asked to make judgments about the expected
contingent bonus of up to $3.00. Overall, the task took 7.2eward and their confidence (Fidc). After all 10 judgments
+ 3.3 min and participants earned US$482US$0.24. were completed, participants were forced to choose one of
The experiment was approved by the Harvard Institutionathe 10 options, and then the task was completed as normal.
Review Board (IRB15-2048). Behavioral and modeling results exclude the bonus round,

except for the analyses of the judgment data.
Procedure

Modeling
Participants were instructed to earn as many points as
possible by clicking on the nodes of a graph. Each nodén order to understand how participants search for rewards,
represented a reward generating arm of the bandit, wherge used computational modeling to make predictions
connected nodes yielded similar rewards, such that acrosbout choices in the bandit task and the judgments
the whole graph the expected rewards were defined by fiom the bonus round. Models were fit to the bandit
graph-correlated structure (see Fign). Along with the data (omitting the bonus round) using leave-one-round-
instructions indicating the correlated structure of rewardsput cross-validation, where we iteratively held out a single
participants were shown four fully revealed graphs toround as a test set, and computed the maximum likelihood
familiarize them with the reward structure and had toestimate on the remaining rounds as the training set.
correctly answer three comprehension questions beforde compared models using the summed out-of-sample
starting the task. prediction accuracy on the held-out rounds. Altogether, we

After completing the comprehension questions, particicompared four different models corresponding to different
pants performed a search task over 10 rounds, each corrgtrategies for generalization and exploration (see below).
sponding to a different randomly sampled graph structure. Each model computes a value for each optj¢s), which
In each task, participants were initially shown a single ranis then transformed into a probability distribution using a
domly revealed node, and had 25 clicks to either explorsoftmax choice rule:
unrevealed nodes or to reclick previously observed nodes, exp(q(s))/&)
where each observation included normally distributed nois€ (S) = &- exHa(s /&) 8
#$ N (0, 1). Each clicked node displayed the numerical J 4
value (most recent observation if selected multiple timesyvhere the temperature parametris a free parameter
and a color aid, where darker colors corresponded monaontrolling the level of random exploration. In addition,
tonically to larger rewards (Figdb). After finishing each all models also use a stickiness paramétethat adds
round, participants were informed about their performance bonus onto the value of the most recently chosen
as a percentage of the best possible score (compared witiption. This is a common feature of reinforcement learning
selecting the global optimum each trial). The final perfor-models (Christakou et a2013 Gershman et ak009 and
mance bonus (up to $3.00) was also calculated based on thparticularly in multi-armed bandit tasks (Schulz e24119),
percentage, averaged over all rounds. which we include here to account for repeat clicks.
In total, we generated 40 different graphs by building The GP model uses the diffusion kernel (Bjjto make

8 ! 8 lattice graphs and then randomly pruning 40% predictive generalizations about reward, where we fils a
of the edges, with the constraint that the resulting grapliree parameter defining the extent to which generalizations
be comprised of a single connected component. We thetliffuse along the graph structure. For each naglehe
sampled a single reward function for each graph from &P produces normally distributed predictions that can be
GP prior, parameterized by a diffusion kernel fit on thesummarized in terms of an expected valués) (Eq. 2)
graph (with! = 2). The layout for each graph was pre- and the underlying uncertainty(s) (Eq. 3). In order to
generated using the Fruchterman-Reingdl®@9() force- model how participants balance between exploiting high-
directed graph placement algorithm, such that a single®alue rewards and exploring highly uncertain options, we
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use upper confidence bound (UCB) sampling (AR662  this reason, we did not consider the BMT as a candidate
to produce a valuation of each node: model for Exp. 1. Nevertheless, it provided a sensible
_ ) — benchmark in the graph bandit task, since it is an optimal
duea(s) = m(s)+ (- V(s), ) model for learning independent reward distributions through
where the exploration bonug is a free parameter that experience, and can support both directed and random
governs the level of exploration directed towards highlyexploration algorithms.
uncertain options. Higher values ¢fcorrespond to more In addition to reinforcement learning models, we
exploratory behavior, which is directed towards nodes wittalso considered both the dNN and kNN heuristics from
the highest estimated level of uncertainty. Experiment 1. Predictions about expected reward were
The Bayesian mean tracke(BMT) is a prototypical computed using the respective nearest neighbor averaging
reinforcement learning model that can be interpreted as aule, whered andk were estimated as free parameters. For
Bayesian variant of the traditional Rescorla-Wagri&7)  predictions where no observed nodes satisfied the averaging
model (Gershmar2015. Like the GP, the BMT assumes rule (i.e., all observations were too far away), we defaulted
a normally distributed prior over rewards (m;j o,Vvj,0). to an expected value afn(s) = 50 (median over all
However, unlike the GP, the BMT assumes independergnvironments). In contrast to the GP and BMT models,
priors for each optiof, where we set the prior mean to the these models make only point estimates about reward, and
median value of payoffa o = 50 and the prior variance thus precluded UCB sampling. Instead, choice probabilities
tovj, 0 = 500. were calculated using only softmax choice rule on expected
Given some observation®y 1 = {X¢ 1,yr 13 of  reward and with estimated stickiness weights.
rewards yy 1 for inputs Xy 1, the BMT learns the
rewards of each option by computing independent posteridresults and Discussion
distributions for the expected rewapgl for each optiorj
Participants performed well in the task, achieving higher

P(jIDe 1) = N(mj; 1, Ve 1) (10)  ewards over successive triats£ .93,p < .001,BFip =

Thus, the BMT does not generalize but rather updates ea¢h5( 10’; Fig. 5a) and decisively outperforming a random

posterior meam;; and variance;; independently: baseline{((97) = 29.6,p < .001,d = 3.0,BF10= 7.2(

Mie = meo1+ )i Gie v mic % (11) 10*¢). There was no substantial evidence for an influence
it = Qe 1 Dieggie Yie o M1 of round number on performance & .49,p = .182,

Vit = 1" )it Gjr Vi 1 (12)  BF = 1.1), indicating that the fully revealed environments

where the Kronecker delfa; = 1 if optionj was chosen in the ins_tr_uctions (Fig.4a)_ and comprehension questions
on trialt, and O otherwise, meaning the posteriors for theVere sufficient for conveying the goal of the task and the

unchosen options are unchanged. Intuitively, the estimategnderlying covariance structure of rewards. _
mean of the chosen optiom;; is updated based on the Participants adapted their search behavior as a function of

difference between the observed vajueand the predicted reward_value: higher rewa_rds predict_ed a higher probability
mean from the previous time point;- 1 (i.e., prediction of making a repeat selection (Bayesian mixed model: odds

error). This update is scaled by a learning rate known as th@tio = 1.13, 95% HPD: [1.12, 1.14BFi0 = 3.2(

Kalman gairG; : 10%%; Table 2 in Appendix1; Fig. 5b). We also found
Vieo ' that higher rewards predicted shorter path distances to the
Gjt = #j*# (13)  subsequent selectiomyievreward = ' 0.11, 95% HPD:

[ 0.12' 0.10, BFyp = 2.6 ( 10 Fig. 3c). Thus,
defined as a ratio of the prior varianag: 1 and the participants searched locally when finding high rewards,
error variance*é. While the estimated mean is updatedand explored further way upon finding poor rewards
based on prediction error, the estimated variance for thésee Appendix3 for analyses on connectivity structure
chosen optionvj; is reduced by a factor of 1 Gjt, and sampling patterns). This provides early evidence that
which is in the rangg0, 1]. The error variance*) is  participants used generalization to guide their search for
treated as a free parameter and can be interpreted as inversevards, since they systematically adapted their search
sensitivity. Smaller values ofZ therefore result in more distance as a function of reward value, thereby avoiding
substantial updates to the meawy, , and larger reductions regions with poor rewards and searching more locally in
of uncertaintyy; ¢ . richer areas.

Like the GP, the BMT also used UCB sampling, along Overall, the GP was the most predictive model (Fid)
with stickiness and a softmax choice rule. Unlike the GPwith an estimated prevalence pkp(GP) = .86, with the
the BMT does not generalize, and thus defaults to thether models havingxp(BMT) = .11, pxp(dNN) =
prior mean and variance for any unobserved options. Fo02, andpxp(kNN) = .001. As a benchmark, we also fit
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Fig. 5 Experiment 2 resultsa Mean performance over trials, where replacement) from participant parameter estimates (10k replications),
each blue line is a single participant and the red line is the group meawhere the black line shows a random baseline and the pink line shows
(= 95% ClI). The dashed line provides a comparison to a random baseaean participant performancé.Participants best described on the
line. b The probability of repeating a selection as a function of thebonus round data, where we used parameter estimates from the bandit
reward value. Each dot is the aggregate mean calculated at intervals sk to make predictions of participant judgments about unobserved
1, while the red line is the group-effect of a Bayesian mixed effectsewards on the bonus round and compared RM§$Ehe correspon-
logistic regression (Table 2 in AppendL), with the ribbon indicating  dence between each bonus round judgment and model predictions,
the 95% Cl.c The relationship between reward value and the graphwhere each dot is the aggregate mean calculated in intervals of 1, and
distance (shortest path) to the subsequent selection. Each dot is each line is the group-level effect of a Bayesian mixed model (with
aggregate mean, while the red line indicates the group-level effect of ebbon indicating 95% Cl). The Bayesia®? of each mixed model
Bayesian mixed model (Table 2 in Appendix d Model comparison is reported (see Table 3 in Appendixfor details).h Only the GP
based on out-of-sample predictive accuracy. We compare the Gauahd BMT make uncertainty estimates. Here we show the correspon-
sian process (GP) model, the Bayesian mean tracker (Bmgarest dence between rank-ordered (per participant) confidence judgments
neighbors (dNN)k-nearest neighbors (kNN), and a stickiness-only and model uncertainty estimates. Dots indicate means with error bars
(Sticky) model. They-axis shows the protected exceedance probabil-sshowing 95% ClI, and colored lines represent a linear regression. The
ity (pxp) describing the prevalence of each model in the populatiorregression coefficient corresponds to a Bayesian mixed model fit to the
(corrected for chanceg Simulated learning curves by sampling (with raw, untransformed data (see Table 3 in Apperiglix

a null model that made the same prediction for every nodgy < .001,BF = 8.8( 10?) and also tended to be more
which combined with stickiness and the softmax choicediagnostic between the GP and BMT models (see Fig. 10 in
rule, was worse than all other modgisp(sticky) < .001.  Appendix4), in favor of the GP.

At the individual level, 34 out of 98 participants were best We simulated the behavior of each model by sampling
fit by the GP, 27 by the BMT, 20 by the dNN, and 17 by (10k samples with replacement) from the set of participant
the dNN. Participants with higher performance on the bandiparameter estimates and computing the average learning
task were better predicted by the GP modelH ' .83, curves (Fig.5e). Although all models performed below
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the human curves, the GP achieved the closest levels ohdirected exploration. The GP provided the best predic-
performance, with the BMT performing next best (seetive accuracy of choices, produced similar learning curves
Appendix4 for a detailed analysis of parameter estimatedo human performance, and accurately predicted judgments
from each model). about expected reward and confidence.

To provide additional support for our modeling results, Nevertheless, we also found that the two nearest neighbor
we also predicted participant judgments in the bonus rounchodels closely matched the GP in terms of predicting
using participant parameter estimates from the bandit taskhoices and participantsO judgements of unobserved nodes.
Since model parameters were estimated through crosstowever, only the GP model can generate predictions
validation on all rounds except the bonus round, weof uncertainty, which we found to match well with
used each participantOs median parameter estimates (oparticipants® confidence judgments. Given that we also
rounds 1 to 9) to make out-of-task predictions about thdound lower levels oft compared with the ground truth,
bonus round judgments. The GP model best predictedarticipants likely generalized only very locally. Yet they
the largest number of participants (Figf) and had the still tracked their uncertainty about different options, and
lowest prediction error on average (comparing RMSE)used that uncertainty to guide their exploration and to rate
although there was no difference in comparison with thehe confidence of their own predictions. The ability to model
dNN (97 = ' 0.1,p = .897,d = 0.01,BF = these characteristics of human behavior is what makes the
.11), which had the second lowest prediction error. LookingGP model a superior model of human behavior in our
more closely at the individual correspondence betweetask.
participant judgments and model predictions (FHg), we
fit separate Bayesian mixed effects regression for each
model, predicting participant judgments based on modeGeneral Discussion
predictions (Table 3 in Appendi). Overall, the fits of these
models for the GP, dNN, and kNN were highly similar. We studied how people learn and exploit graph-structured

While there was mixed evidence for which model bestfunctions in two experiments. In Experiment 1, we
predicted judgments of expected reward, we next looked attudied how people make predictions about the values of
how predictions of uncertainty corresponded to participantinobserved nodes on a graph and estimated their level
confidence ratings. Here, we interpreted confidence to bef confidence. In Experiment 2, we studied how people
the inverse of uncertainty. In this analysis, we consideredearched for rewards in a multi-armed bandit task with
only the GP and BMT models, since no other modelsgraph-correlated rewards. In both experiments, we found
could generate uncertainty estimates. Figdie shows that participants made inferences, rated confidence, and
a comparison between the (per participant) rank-orderedavigated the exploration-exploitation dilemma consistent
confidence ratings and rank-ordered uncertainty estimatesith a Bayesian model of human function learning. This
of the models. While the BMT estimated the same level oinodel is implemented using GP regression, which has
uncertainty for all unobserved nodes (making correlationgreviously been shown to accurately describe function
undefined), we found that the GP uncertainty estimatetearning in continuous domains. Here, we replaced the
corresponded well with participant confidence ratings. InRBF kernel commonly used in continuous domains with
order to test this relationship by accounting for individuala diffusion kernel, where connectivity rather than feature
differences in subjective ratings of confidence, we fit asimilarity defines relationships in structured environments.
mixed effects model to predict the raw confidence judgment®he diffusion kernel in turn contains the RBF kernel as a
(Likert scale 1-11) using the GP uncertainty estimate as apecial case, where any Cartesian feature space is equivalent
fixed effect and participant as a random effect (Table 3 irto an infinitely fine undirected lattice graph. Thus, our
Appendix1). The results showed a strong correspondencenodel expands upon past research on human function
between lower confidence ratings and higher GP uncertaintigarning to richer, graph-structured domains.
estimateslfgpuncertainty =" 3.1, 95% HPD{' 4.4," 1.9, Our work also relates directly to classical work on
BF10= 4.5( 10°). human generalization (Shepaté87. Just as in ShepardOs

To summarize, Experiment 2 showed that participant®riginal theory, the diffusion kernel defines a distance-
leverage their functional knowledge over graph-structuredlependent similarity measure which assumes that the
reward environments to guide sampling decisions. Particisimilarity between nodes decays with their (graph) distance.
pants searched for rewards locally and found highly rewardSimilar mechanisms have permeated theories of category
ing nodes much faster than would be expected under tHearning, where participants learn about a stimulus class
assumption of independent options. We again found sumiven its features (Nosofsk§984 Medin and Schaffer
port for a GP model of function learning, augmented with1978 Kruschke1992 Love et al.2004. Indeed, similar
a probabilistic action policy including both directed and models have also been used to explain human decision
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making. For example, Gureckis and Lov2009 showed based on its prior probability and its likelihood. The prior
that participants can use the covariance between changing specified by a generative model for graphs (which can
payoffs and the systematic change of a state cue tgenerate grids, trees, and chains, among other graphs)
generalize experiences from known to novel states, anthat favors simple, regular graphs over complex ones. The
that a linear network learning using similarities betweenrikelihood is based on the match between the observed
features matched well with participants® behavior. Bgata and the graph structure, under the assumption that the
further combining the diffusion kernel with traditional feature values of the data vary smoothly over the graph.
models of generalization and category learning, we hopé particular, the features are assumed to be multivariate
to pave the way towards a truly unifying theory of humanGaussian distributed with a covariance function defined by
generalization (Shepard987 Tenenbaum and Griffiths a variant of the regularized Laplacian kernel (Smola and

2001 Wu et al.2018. Kondor 2003 Zhu et al.2003, which is closely related to
Most directly related to our work is the theory of property the diffusion kernel used here.
induction developed by Kemp and Tenenba@®(9, who Another limitation of our current study is that several

showed how different assumptions about graph-structuredariants of a simple nearest neighbor averaging rule were
functions can lead to different patterns of generalizationalso surprisingly effective heuristics to capture human
consistent with human data. For example, assumptionsehavior in our tasks. Both the dNN and kNN can be
about genetic transmission through a taxonomic treeinderstood as binarized simplification of the similarity
license different patterns of generalization compared withmetric used by the GP. While the GP predicts expected
assumptions of disease transmission through a food chairewards using a similarity-weighted sum of previous
Whereas Kemp and Tenenbaum studied binary propertgbservations (Egt), the dNN and KNN use either a distance
induction, we have focused on real-valued propertie®r count-based threshold of similarity, such that nodes
in this paper. We have also gone beyond induction tare either similar if considered a neighbor, or dissimilar
study the role of structured function learning in decisionotherwise. Similar nodes are then averaged, equivalent
making. to an equal-weight regression model (Lichtenberg and
Recent work in reinforcement learning has also develSimsek2016 Wesman and Bennet959. Although these
oped models related to the diffusion kernel. In particularheuristics are able to efficiently capture many aspects of
cumulative rewards can be estimated efficiently using thudgments and choices, our results also show that human
successor representation (SR), which represents states lhavior is sensitive to the uncertainties about their own
the environment in terms of the expected future occupancgredictions, using them to rate their own confidence and
of other states (Dayaf993 Gershman2018h Stachen- to preferentially explore more uncertain options when
feld et al.2017). For example, a particular subway station searching for rewards. This aspect could only be captured
would be represented by a vector encoding the expectday the GP model, which can generate Bayesian uncertainties
future occupancies of other stations in the network. Whembout its own predictions. Future studies could try
an agent follows a random walk in state space (approximato create further heuristic models that also calculate
ing a diffusion process), the SR is equivalent to the inversencertainties of different nodes, for example by using
graph Laplacian. Thus, while it does not make probabilistiBayesian versions of the nearest neighbor algorithms
predictions about cumulative reward values (but see Geer{8ehmo et al2010.
et al.2019, the SR is able to generalize based on the dif- Currently, we have only focused on using the diffusion
fusion of cumulative rewards in a graph-structured statd&ernel for modeling smooth functions on graph structures.
space. However, the real world contains mixes of continuous and
One limitation of our current model implementation discrete structures, such as in our example of DarwinOs
is that we assumed the graph structure to be known finches. How could we model these more complex mixtures
priori. While this may be a reasonable assumption irof structures? ParticipantsO ability to learn more complex
problems such as navigating a subway network, wherget highly structured functions in a continuous domain
maps are readily available, this is not always the caséhave been explained by using compositional kernels (Schulz
One promising avenue for future research is to combinet al. 2017). Compositional kernels learn about functions
our model with other approaches that learn the underlyinghrough combining different structures, starting from simple
structure from experience. The Bayesian structure learninguilding blocks that can be composed. Thus, one avenue for
framework proposed by Kemp and TenenbauB®08  future research could be to model human function learning
learns a Oconceptual universeO of different graphs. Theing kernel that composes together these mixtures of graph
Bayesian model assigns a score to each candidate graphd continuous structures.

@ Springer



Comput Brain Behav

*

Finally, even under the assumption that participants knowprior with its scale set to 2/ 2 (Rouder et al2009. Each
the full graph structure, our model additionally assumes thatest is accompanied by a Bayes factBiFqo) to quantify
they have direct access to the value of each node durintpe relative evidence the data provide in favor of the alterna-
inference. Future studies could try to further enrich our taskive hypothesisil1) over the null Hp), which we interpret
to scenarios in which participants have to plan moves oveiollowing (Jeffreys1961). All tests are non-directional as
the graph, or to require that participant remember previouslgefined by a symmetric prior (unless otherwise indicated).
observed outputs. While studying how people plan on
known graphs would connect our work further to pastCorrelations
research on hierachical planning in human reinforcement
learning (Balaguer et a016 Tomov et al2018, adding a  For testing linear correlations with Pearson@se Bayesian
forgetting component to our model and task would connectest is based on JeffreyQ9¢1) test for linear correlation
it to memory-based models of learning (Collins and Frankand assumes a shifted, scaled beta prior distribuﬁ(qb %)
2012 Bornstein and Norma017) and decision making for r, where the scale parameter is sekte % (Ly et al.
(Bhui 2018 Stewart et al2006). 2016.

In summary, our behavioral results and proposed model
considerably expand past studies of human functioBayesian model selection
learning to graph-structured domains, and emphasize the
importance of function learning and uncertainty-guidance tore use a Bayesian model selection framework designed
explain human behavior in such domains. for group studies (Stephan et 8009 Rigoux et al.2014

_ _ ) _to evaluate our models. Intuitively, it can be described
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which is the posterior probability that all model frequen-
cies are equal. This produces tipeotected exceedance
Appendix 1: Statistics and regression models  probability (pxp) reported throughout this article.

BOR

Comparisons pxp(my) = xp(mg)(1' BOR) + (AL.2)
We report both frequentist and Bayesian statistics. FreRegression

quentist tests are reported as Student8sts (specified as

either paired or independent). The Bayesian variant uses tifdl Bayesian mixed effects regression models were
default two-sided Bayesiantest for either independent or implemented inbrms with generic weakly informative
dependent samples, where both use a Jeffreys-Zellner-Siguviors (Butkner2017) using No-U-Turn sampling (Hoffman
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Table 1 Experiment 1: Mixed effects models

Judgment accuracy

Judgment accuracy

Confidence rating

Confidence rating

Est. Est. Est. Est.
Intercept 12.77 14.89 6.62 8.26

[11.73, 12.80] [13.50, 16.31] [6.14, 7.11] [7.95, 8.58]
Observed nodes ' 0.60 0.23

[ 0.79, 0.41] [0.17, 0.30]
Confidence rating ' 0.66

[' 0.83," 0.49]
GP uncertainty ' 1.80
[' 2,50, 1.12]

Random effects
$2 4.86 4.77 2.61 2.40
&0 73.37 73.52 3.37 3.58
ICC 0.06 0.06 0.44 0.40
N 100 100 100 100
Observations 3000 3000 3000 3000
BayesiarkR? 0.07 0.09 0.46 0.43

We report the posterior mean and 95% highest posterior density (HPD) interval below in bréékaticates the individual-level variancéy
indicates the variation between individual intercepts and the average intercept, and ICC is the intraclass correlation coefficient

Table 2 Experiment 2: Mixed effects models

P (repeat) Graph distance Reward Eigen centrality

Odds ratio Est. Est. Est.
Intercept 0.00 10.59 78.61 0.15

[0.00, 0.00] [9.85, 11.36] [76.65, 80.51] [0.14,0.17]
Previous reward 1.13 ' 0.11

[1.12,1.14] [ 0.12; 0.10]
Trial ' 0.003

[' 0.003," 0.002]
Eigen centrality ' 26.65
[ 31.17"' 22.04]

Random effects
$2 ' 0.01 1.37 65.15 0.003
&o 0.25 18.47 496.55 0.04
ICC ' 0.02 0.07 0.12 0.07
N 98 98 98 98
Observations 22,050 22,050 22,050 22,932
BayesiarR? 0.58 0.42 0.17 0.08

We report the posterior mean and 95% highest posterior density (HPD) interval below in brackets, except the first column, which is a logistic

regression reporting the odds ratio and the respective 95% Tindicates the individual-level variancég indicates the variation between
individual intercepts and the average intercept, and ICC is the intraclass correlation coefficient
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Table 3 Experiment 2: Bonus round

Judgment Judgment Judgment Confidence

Est. Est. Est. Est.
Intercept '12.38 5.15 5.24 7.72

[' 26.16,' 0.89] [ 1.04,11.11] 1 2.37,12.33] [7.23,8.22]
GP prediction 1.16

[0.93, 1.43]
GP uncertainty ' 3.13

[ 437, 1.92]
dNN prediction 0.80
[0.69, 0.92]
kNN prediction 0.79
[0.66, 0.94]

Random effects
$2 51.14 53.38 63.86 2.55
&o 275.06 274.38 272.84 4.37
ICC 0.16 0.16 0.17 0.37
N 98 98 98 98
Observations 980 980 980 980
BayesiarR? 0.32 0.33 0.33 0.50

Note that the Bayesian mean tracker (BMT) is not included, since it invariably makes the same prediction for all unobserved options based on the
prior mean and prior variance. The bonus round only consisted of judgments about unobserved options. GP, Gaussian prodessareisiN,
neighbors; kNN k-nearest neighbors. We report the posterior mean and 95% highest posterior density (HPD) interval below in Brackets.
indicates the individual-level varianc&y indicates the variation between individual intercepts and the average intercept, and ICC is the intraclass
correlation coefficient

and Gelmar2014 with the proposal acceptance probability Appendix 2: Experiment 1 model

set to .99. In all cases, participant id was used as a randogsupplement

intercept. All fixed effects were also entered as random

slopes following a maximal random structure approacHPredictive performance

(Barr et al.2013. This allows us to compute a Bayes factor

comparing each model against a null model, which used’he predictive performance is defined in terms of log
the same random effect structure but with the target fixedikelihood of the out-of-sample predictions, which is a
effect omitted. The Bayes factor was computed using bridgenonotonic transformation of the mean squared prediction
sampling (Gronau et aR017) as a method to approximate error by assuming a Gaussian probability density:

the marginal likelihood of both models. All models were ' (

. . . . . . ' ) )2
estimated over four chains of 4000 iterations, with a burn-lr]Og L = ofxa) xi)?, g (A2.1)
period of 1000 samples. : 252 $s 2% '
a 5o b 5 r=.71 C 50 r=.68 50 r=.67
*E 40 40 40 40
£ £ g g
> (s} 2 S
g 30 e © 30 030
= g 3 3
g 20 &2 %2 ; 20
3] z z
= ] S =
& 10 10 10 10

0 0 0 0

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
True Target Value Participant Judgments Participant Judgments Participant Judgments

Fig. 6 Experiment 1 correspondence between participant and modelorrelation coefficient is shown abovBE1o > 10° in all cases). GP,
predictions.a Participant judgments against the ground trutbd Gaussian process; dNNd-nearest neighbors; kNNKk-nearest
Model predictions compared against participant judgments. Each dateighbors

is a single judgment and the red line is a linear regression. The Pearson
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where eaclx; are the participant judgments, edl ;) are  Appendix 3: Eigen centrality
the out-of-sample model predictions, and weket 1.

We analyzed search behavior from Experiment 2 as a
Correspondence between participant judgments function of the connectivity of the sample nodes, which
and model predictions we guantify using eigen centrality (EC; Bonacit872.

Intuitively, EC quantifies the connectivity of a node similar
In addition to comparing prediction accuracy (F&fiPe), to how GoogleOs PageRank (Langville and Me3@t1)
we also examined the correspondence between participagtiantifies webpages based on the number and quality of
judgments, the true underlying values, and model predichyperlinks. Nodes with higher EC are those that exert higher
tions. Figure 6 in Appendix 2 shows a scatter plot comparingnfluence on the network, by being connected to other nodes
participant judgments to the true target value=(.59,p < that are themselves highly central in the network. The ECs
.001,BF 10> 10%), which shows participants were well cal- of each node in a grapt # x are defined by the normalized
ibrated to ground truth. Figure 6bBd in Appengigrovide  eigenvector belonging to the largest eigenvaluef the
similar scatter plots showing the correspondence betweeadjacency matri, fulfilling the identity:
each modelOs predictions and participant judgments. Over)z _

all, the GP had the highest correlation with participant (A3.1)
judgments( = .71,p < .001,BFio > 10°), followed Compared with the overall distribution of ECs in the
by the dNN ¢ = .68,p < .001,BF1o > 10° and kNN task, participants systematically selected nodes with lower
models ( = .67,p < .001,BFio > 10°). Comparing EC (one-samplet-test: t(97) = ' 9.0, p < .001,

z-transformed correlation coefficients computed at the indid = 0.9, BF = 3.2( 10 Fig. 7a in Appendix3).
vidual level, we find that the GP predictions were moreParticipants also increasingly selected lower EC nodes
correlated to participant judgments than the kNKBg) =  over successive trials (Bayesian mixed mod®ka =
8.6,p < .001,d = 0.9,BF1o > 109, but with no differ- ' 0.003, 95% HPD: 0.003' 0.003, BF1o = 1.6(
ences between the GP and dNINGO) = ' 1.0,p = .335, 10'%; Table 2 in Appendix1; Fig. 7b in Appendix3).

d= 0.0,BF = .17). While EC was not predictive of expected rewards in
a ' b 020]  byria = 10.003, 95% HPD: [10.003, 10.003]
40.0% 1
[
1 Environment -
[ = -
30.0% [ Participants ‘@
P t £ 015
D 11 5
$ 20.0% . O
o [ %
[ k=
10.0% [ w o0.10
-
0.0% -
0.00 0.25 0.50 0.75 1.00 0 5 10 15 20 25
Eigen Centrality Trial
C 100 =103, BF40=0.17 d 1004 beigencentaiiy = '26.5, 95% HPD: [131.2, 122.0]
° 75 ° 754
5] ]
3 3
X so0 - X 50
j c
[ » ~ ©
() . [}
2 25 = 25
0 01
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Eigen Centrality Eigen Centrality

Fig. 7 Eigen centrality.a Distribution of EC values of selected the 95% CI. The dashed horizontal line indicates the mean eigen
options (blue) compared with the ground truth of the task (red).centrality across all nodes in the task.EC was not predictive
The vertical dashed lines indicate the means of each distribuef rewards in the taskd However, from the nodes sampled by
tion. b Participants preferentially selected nodes with lower ECparticipants, those with lower EC corresponded to higher rewards.
over subsequent trials. Each dot is the aggregate me&a®5% Each dot is the aggregate mean (calculated at intervals of 0.01)
Cl) and the red line shows the group-level effect of a Bayesiamand the red line is the group-level effect of a Bayesian mixed model
mixed model (Table 2 in Appendi®), with the ribbon showing (Table 2 in Appendixl), with the ribbon indicating the 95% CI.
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the underlying task environment ( =

109, BF =

[ 31.17' 22.04, BFyo

26.54, 95% HPD: Parameter estimates
1.9 (  10%%; Table 2 in

.03, p
.17; Fig. 7c in Appendix3), we found a

in Appendix 4 compares the difference in out-of-sample
prediction error between the GP and each other model as a
systematic relationship in the choices made by participantfunction of performance on the bandit task.

lower EC nodes sampled by participants had higher
reward values leigencentrality =

Appendix 1; Fig. 7d in Appendix3). This is perhaps GP
because nodes with lower EC tended to have more eccentric
reward values. Indeed, the highest and lowest rewards acro$he GP used the diffusion parametej {o define the extent
environments had very similar average EC values, of 0.06f generalization, where larger values!ofmplied a wider
and 0.05, respectively. Thus, this trend of preferentiallyinfluence of observed rewards over the graph structure.
sampling less central nodes may reflect a high-risk highWhile the superior predictive accuracy of the GP over

reward heuristic (Leuker et 018, which combined with
generalization proved to be an adaptive search strategy.

Appendix 4: Experiment 2 model

supplement

estimates for each model, while Fig. 9 in Appendix
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alternative models provided evidence for generalization,
estimates were systematically lower than the underlying
value of! = 2 used to generate the environmen{®7) =

' 13.5,p < .001,d = 1.4,BFyp = 9.3( 10%). Thus,
undergeneralization rather than overgeneralization was the
norm, consistent with previous findings of a beneficial
a bias towards undergeneralization in a similar search
Figure 8 in Appendix provides an overview of parameter context (Wu et al.2018. Additionally, the exploration
bonus () estimated how participants traded off between
shows how different parameter estimates were related texploring uncertain options vs. exploiting options with
different levels of predictive accuracy. In addition, Fig. 10high expectations of reward. We found that the estimated

dNN
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Fig. 8 Experiment 2 parameter estimates. Each dot is the mediamter-quartile range. Note that values @fandk are restricted to the
cross-validated estimate for a single participant. The diamond indiset of natural numbers. GP, Gaussian process; BMT, Bayesian mean
cates group mean and Tukey box plots show the median and 1fsacker; dNNd-nearest neighbors; kNM;nearest neighbors
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Fig. 9 Experiment 2 model parameters and predictive accuracy. Eacmodel predictionsr( = .25,p = .012,BF1p = 4.7).c The explo-
panel compares median per-participant parameter estimates agaimation bonug controls the level oflirectedexploration. For both GP
predictive accuracyR?), as an intuitive measure of objective model and BMT models, higher levels of directed exploration corresponded
performance. Predictive accuracy compares the cumulative out-ofo worse model prediction8F10 > 100).d The softmax temperature
sample negative log likelihood of any given mo#lelgainst a random paramete& controls the level ofandomexploration. For all models,
model:R2 = 1" logLk/ logL rang. Intuitively, R2 = 0 indicates a  temperatures corresponded to worse model predict®Rsq> 100).
model is equivalent to random chance, wi#& = 1 is a theoretically e The stickiness parameteradded a bonus to the previously selected
perfect model. Each dot is a single participant, with linear regressiomption, making it more likely to choose the same option on the next
lines added (ribbon indicates standard errarT.he diffusion param- trial. For the GP and BMT models, stickiness was correlated with
eter! measuring the level of generalization, where higher levels ofworse model model prediction8F19 > 100), whereas there was no
generalization corresponded to better model predictions (.34, relationship for the dNN and kNN model8F10 < 1). GP, Gaus-

p < .001,BF10 = 54)b The inverse sensitivity paramet®¢, where  sian process; BMT, Bayesian mean tracker; diearest neighbors;
higher estimates (i.e., smaller learning updates) corresponded to betteN, k-nearest neighbors

( values were substantially larger than the lower boundve found little evidence for directed exploration using the
(t(97) = 4.5,p < .001,d = 0.5,BF19 = 949), providing BMT, with ( estimates only marginally different from the
further evidence for directed exploration. Lastly, we alsolower bound of .007t(97) = 2.1,p = .038,d = 0.2,

define a stickiness parametér)( which captures an aspect BF1g = .92). The BMT also made similar use of the
of the high rates of repeat clicks by adding an additionaktickiness parameter compared with the @7 = 0.7,
bonus to the value of the last selected options. p = .460,d = 0.1,BF19 = .15).

BMT Nearest neighbors

In comparison, while the BMT also made uncertaintyThe dNN generated predictions by averaging the rewards of
estimates, these were defaulted to the prior variamge=(  observed nodes within a distancecfThe mean estimate
500) for all unobserved options. Thus, the BMT made theof distance wasl = 2.4, although the mode and median
predictions uncertainty predictions for nodes near and fawere both 1. Thus, the dNN predominately made predictions
from previous observations. In contrast to the GP modelsolely based on observations of directly connected nodes.
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Fig. 10 Experiment 2 model differences and score. Each panel comto the plot (ribbon indicates standard error). The color of each dot indi-
pares the difference in out-of-sample prediction error, measured asates the model with the lower nLB.GP vs. BMT.b GP vs. dNN.c
negative log likelihood (nLL), of two models as a function of mean GP vs. KNNd GP vs. stickiness and softmax model. GP, Gaussian pro-
performance on the bandit task. Each dot is a single participant, witkess; BMT, Bayesian mean tracker; dNiNpearest neighbors; kNN,
the Pearson correlation shown above and a linear regression line addkeehearest neighbors
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