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Abstract

Being empowered and having a sense of control are central determinants of human well-
being. However, there is currently no agreed-upon definition for the sense of control. We offer
a prospective characterization as ‘a priori readiness to perform tasks that will be announced
in the future.” We show that this highlights three underlying factors that variously underpin
previous conceptions of control: (i) action availability, (ii) certain achievability of potentially
desired outcomes, and (iii) possible achievability of potentially desired outcomes. We formalize
this characterization with a measure of controllability that precisely balances these factors via
a single parameter. Our proposed measure accurately predicts the great majority of human
preferences in two novel, theory-guided experiments, where participants prepare themselves
to collect future rewards or avoid future punishments. Notably, our formulation captures
substantial differences in participants’ preference for certainty versus possibility. Our findings
collectively provide instrumental insights into how individuals sense control.



Introduction

In everyday life, we constantly navigate uncertain environments and attempt to steer the course of
events in our favor. Consider a familiar situation: planning your weekend. You may have several
activities in mind—some reliably available, others more uncertain. At times, all your options
might be accessible; at others, only a subset may be offered, or availability may shift unexpectedly.
Even when the number of possible outcomes stays the same, the structure of the environment, its
predictability, and how directly your choices influence what happens, can drastically alter your
experience of control. Across tasks as mundane as choosing a weekend activity or as consequential
as planning a career, our sense of control shapes how we decide, how we learn, and how we feel.
This sense is not just pleasant, it is motivational, empowering, and even essential. It determines
how much effort we invest, how resilient we are in the face of setbacks, and how we interpret the
consequences of our actions. But what does it actually mean to be in control? And what factors
determine people’s sense of control?

Notions of ‘controllability’ and ‘empowerment’ have played a central role in both neuroscience
and psychology ', as well as in computer science and machine learning®®. From an evolutionary
perspective, the desire for a sense of control has been described as a psychological and biological
necessity !, with far-reaching implications for our general well-being'™ and developmental trajec-
tories™”. In artificial intelligence, a parallel drive for control has motivated the design of agents
capable of acquiring complex skills with no external rewards or supervision®’. Despite this conver-
gence, however, there is currently no consensus on (i) the objective question of what it means to
be in control of an environment, or (ii) the subjective question of when we, as humans, experience
a sense of control.

From an objective viewpoint, several engineering and mathematical measures of controllability
have been proposed. These measures focus on different environmental factors. For example,
conventional control-theoretic measures — concerned with deterministic, continuous environments
— quantify controllability in terms of the diversity, or more precisely, the dimensionality, of states
that an agent can reach by taking appropriately chosen actions®!". Alternative information-
theoretic measures — more often concerned with discrete, stochastic environments — quantify a
similar notion by measuring the diversity of reachable next states through the maximum state
entropy'!. Yet other measures take a somewhat orthogonal approach and, using the notion of
channel capacity'?, quantify controllability regarding how distinctly the agent’s available actions
influence the environmental state'*°.

From a subjective viewpoint, experimental quantities related to objective controllability consis-
tently influence human behavioral'®'® and physiological responses'®?. For instance, objective
factors related to environmental controllability have been found to enhance motivation®!, increase
happiness®, and improve resilience to aversive events?’. These findings provide strong evidence
that humans dynamically infer some quantities related to the environment’s controllability and
adapt their behavior accordingly — in line with longstanding psychological theories?* ",

However, the relationships both within and between the objective and subjective measures remain
underexplored. In particular, the absence of a clearly formalized, unifying notion of controllability
has made it impossible to characterize the environmental factors that govern the human sense of
control precisely — or indeed describe crisply how these factors might differ across individuals.

Here, we offer a precise, yet interpretable, formulation of controllability as a priori readiness for



future tasks. This perspective unifies existing notions within a coherent, integrative framework
and can be applied both to studying the human sense of control and to designing machine learning
agents. We focus on the former, and across two theory-guided, large-scale experiments, demon-
strate that our formulation accurately explains the human subjective sense of control. We reveal
that this sense is shaped by the interplay between action availability and the possible and certain
reachability of potentially desirable outcomes. Moreover, we show substantial variability in how
individuals weigh these different factors in their preferences. Thus, our work provides a solid foun-
dation for future studies of controllability and the sense of control in both biological and artificial
agents.

Results

We motivate our theoretical framework by developing our opening example into a thought exper-
iment (Fig. 1A-B). Imagine your task is to pick an activity for the weekend, and you have four
options in mind: going to a painting class, the circus, the theater, or a sports bar (Fig. 1A).
Depending on where you live, only some activities may be accessible. For example, imagine three
cities represented by c;, ¢z, and ¢z (Fig. 1A). In ¢, all activities are available every weekend
(Fig. 1A1), while in ¢, there is only a painting class and a theater (Fig. 1A2). In c¢3, on the other
hand, there is only a sports bar and a circus, but on randomly chosen weekends, the circus venue
hosts a painting class instead (Fig. 1A3). This means you cannot know beforehand whether you
can attend the painting class (or even the circus) on a specific weekend. Given these scenarios,
how much control would you feel, in each city, over the course of events on your weekend? It is
reasonable to assume a maximal sense of control in ¢;, where all desired outcomes are reliably
achievable; but how should we rank ¢y and ¢3?

To answer this question, we can model the thought experiment within a sequential decision-making
framework ** ", where your apartment in a given city is considered as the current state s and each
activity as a potential next state s’. Then, each city’s characteristics can be summarized by a cor-
responding transition probability p(s’|s, a), denoting the likelihood by which your action a (arrows
in Fig. 1A) takes you from your current state s to a subsequent state s’. Given this formalization,
we can use different controllability measures to rank different cities. All existing mathematical
measures assign the first city, ¢;, the maximum value of controllability—consistent with common
sense. However, different measures diverge in how they rank ¢, and ¢3 (Methods). Some measures,
such as Klyubin empowerment '?, assign equal control to ¢, and c3, since in both cases, you have
two available actions that have mutually exclusive outcomes (Fig. 1B2; also see Proposition 2).
Other measures, such as maximum outcome entropy ', predict a higher sense of control in c3 than
in o, since there is at least a chance of accessing the painting class if desired (Fig. 1B3). These
differing predictions reflect fundamentally distinct perspectives on conceptualizing and formalizing
the sense of control; but it remains unclear which perspective best matches our subjective sense
of control.

We aim to propose an integrative framework that unifies these different perspectives and enables
testing them against experimental data.
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Figure 1: An integrative framework for the sense of control. A. Schematic of the thought experiment. We

consider three cities as current states (ci1, c2, and c3) and four weekend activities (the painting class, the circus, the
theater, and the sports bar) as potential next states. Solid arrows indicate available actions; dashed arrows indicate
possible random transitions. B. Different conceptualizations of the sense of control yield different rankings of the
cities shown in A. C. Framing the sense of control as ‘a priori readiness for to-be-announced tasks’ bridges distinct
conceptualizations and normative objectives via Emp, (Methods). D. Varying ¢ leads to predictions of Emp, for the
rankings in A, aligning with seemingly conflicting views in B. D1. Reachability of each activity in the three cities.
D2. Corresponding Emp, values for extreme choices of £. Bolded values highlight how changes in ¢ affect the Emp,
value assigned to cs3. E. Although derived from an abstract, top-down perspective, Emp, has a straightforward
interpretation. E1. For a given state s, Emp,(s) aggregates a modulated version of the reachabilities of all possible
next states s’. E2. The modulation depends on the value of ¢: increasing (decreasing) ¢ downplays (amplifies) the
contribution of lower reachabilities to Emp,. Credit: Emojis adapted from ref.”!, under a CC BY 4.0 license.

Sense of control as a prior: readiness

We begin with the intuitive assumption that the sense of control in a state s reflects the degree of
a priori readiness to reach a desired state s’, where s’ will be known only in the future. In other
words, an agent senses control if it feels ready to immediately reach any state s’ as soon as it is
determined, for example, based on an internal decision or an announcement by an external party.
In the thought experiment of Fig. 1A, this perspective suggests that we feel a greater sense of
control in a city where we feel more ‘prepared’ to pursue any activity we might wish to do, despite
not knowing in advance which activity it will be.

To formalize this idea, we assume that agents know (or believe they know) the actual dynamics
of their environment (see Discussion); e.g., they know that the circus building sometimes hosts a
painting class on random weekends. We also assume that there are no a priori extrinsic rewards
associated with specific environmental states; e.g., there is no a priori preference for any of the
weekend activities. Then, at some later point, a goal state g is randomly selected and revealed to
the agent; for instance, going to the circus is chosen as the preferred activity for that weekend.
The key question then becomes: ‘In which state is an agent best prepared to reach g, once it is



announced?’

This problem can be reframed within the sequential decision-making framework 2**" by assigning
a reward of 1 to the goal state g and 0 to all other states. In this framework, the answer to the
question ‘Where would an agent be most prepared?’ depends on which reward statistics the agent
seeks to optimize (i.e., its normative objective; Fig. 1C). Being prepared according to different
objectives leads to preferences for conceptually distinct state features (Methods). If the agent aims
to maximize expected reward, it prefers states with many available distinct actions (A-Control;
see Proposition 1 and Corollary 1-2). On the other hand, if the goal is to maximize the probability
of receiving a guaranteed reward, the agent favors states with many certainly reachable outcomes
(Cs-Control), whereas if the objective is to minimize the chance of not obtaining a reward, it
prefers states with many possibly reachable outcomes (Pg-Control).

Accordingly, the different normative objectives correspond to distinct conceptualizations of the
sense of control that are all intuitively sensible, yet principally different (Fig. 1C). Our thought
experiment further illustrates these distinctions (Fig. 1B). A-Control predicts that the agent expe-
riences the same degree of control in ¢y and c3 (Fig. 1B2), consistent with Klyubin empowerment .
In contrast, Ps-Control predicts greater perceived control in ¢3 than in ¢y (Fig. 1B3), similar to
the maximum outcome entropy'!. Conversely, Cs-Control predicts a higher sense of control in ¢,
than in ¢3 (Fig. 1B1).

Emp, unifies and expands existing perspectives on the sense of control

Critically, we found that the three normative objectives correspond to special cases of a single,
interpretable measure that we call degree-¢ empowerment, Emp, (Methods; Fig. 1C-E). Intuitively,
Emp, quantifies the sense of control in state s as how ‘easily’, on average, the agent can transition
to other states in the environment, if it wishes to do so (Fig. 1E1):

Emp,(s) = Y Pha(s']9), (1)

where prax(s’|s) denotes the maximum probability max, p(s’|s, a) of reaching s’ from s in a single
step; hence, we refer to puax(s’|s) as the (single-step) reachability of s’ from s (Discussion). The
degree ¢ of the empowerment is a free parameter that modulates the reachabilities to emphasize
certainty against possibility (Fig. 1E2). For ¢ > 1, increasing ¢ progressively downplays the
influence of small reachabilities. As a result, in the limit as ¢ — oo, Emp, counts only certain
reachabilities (ppax(s’|s) = 1). For £ < 1, on the other hand, decreasing ¢ progressively exaggerates
the influence of small reachabilities. As a result, in the limit as ¢ — 0, Emp, counts any possible
reachability (pmax(s'|s) > 0), regardless of how small the reachability. Surprisingly, at the critical
value ¢ = 1, Emp,(s) is proportional to the expected future reward and captures the distinctiveness
of available actions in state s (Methods).

Consequently, Emp, connects and encompasses the distinct conceptualizations of the sense of
control (Fig. 1C). Our thought experiment clearly illustrates this integration: Varying ¢ leads to
different predictions from Emp,, aligning with perspectives that previously appeared contradictory
(compare Fig. 1B and Fig. 1D). Additionally, Emp, also satisfies several theoretically desirable
properties that one would intuitively expect from an appropriate measure of the sense of control
(Theorem 1-2, and Proposition 3). In particular, Emp, aligns with psychological theories of self-
efficacy”?® and perceived behavioral control*!, meaning that action-execution noise (i.e., reduced



self-efficacy) naturally decreases Emp,(s) for any value of ¢ (Theorem 2).

In conclusion, Emp, both unifies and expands existing perspectives on the sense of control, offering
a principled foundation for understanding how humans experience control.

Experiment 1: A priori readiness to collect gold

To test whether Emp, captures the human sense of control, we designed an experimental paradigm
that closely resembles our thought experiment in Fig. 1A. The experiment intended to identify
which states participants preferred when they did not know their future task. Hence, we divided
the experiment into two phases (Fig. 2A).

In the first phase, 71 participants played 12 rounds of a gold-collecting game (Fig. 2B). In each
round, participants began at the center of a 3x 3 virtual room and waited until a gold coin randomly
appeared in one of the peripheral states (Fig. 2B). They then selected one (and only one) available
action to reach the gold coin. If an action had a single endpoint (indicated by green disks in
Fig. 2B), it deterministically moved the participant to that endpoint. If the action had multiple
endpoints (e.g., as in Room 2 in Fig. 2C), it moved the participant to one of the endpoints at
random, with equal probability.

In the second phase, participants were shown 132 pairs of rooms and asked to choose which room
they would prefer for collecting gold coins (Fig. 2C). The experiment included 12 prespecified
rooms (Supplementary Materials), varying in both the number of available actions (2, 3, 4, or 8)
and the level of outcome stochasticity associated with each action. Depending on the room, the
gold coin could appear in a location that was unreachable (Fig. 2D1). In some cases, the coin
could alternatively appear in a location that was only probabilistically reachable (Fig. 2D2). This
design allowed us to make trials where comparing different rooms resembled comparing different
cities in the thought experiment; e.g., Room 1 and Room 2 in Fig. 2C qualitatively mirror the
properties of ¢o and c3 from Fig. 1A.

Importantly, in the second phase, participants were only asked to choose between two rooms;
they were informed that the experimenter would play the gold-collecting game on their behalf by
always selecting the most appropriate action. They were told that their monetary bonus would
increase each time a gold coin was successfully collected for them. At the end of the experiment,
participants completed two questionnaires: the Locus of Control (LOC) scale®” and the Intolerance
of Uncertainty (IUC) scale™.

Emp, accurately predicts human behavior

We used Bayesian model selection®®*" to compare three hypotheses regarding participants’ room
preferences (Methods). The first, simplest hypothesis assumed that participants prefer rooms with
a higher number of available actions (N, ), regardless of how the actions’ endpoints are arranged
(e.g., see ref.??). The second hypothesis proposed that preferences are driven by the Emp, value of
the central state, with £ treated as a participant-specific free parameter. The third and most flexible
hypothesis modeled participants’ behavior using the general Bradley—Terry model®**°, in which
each of the 12 rooms was assigned a separate ‘subjective utility’ value as a participant-specific free
parameter. This model subsumes any rational strategy, including those based on N, or Emp,, but
its increased flexibility is penalized in Bayesian model selection’; our model-recovery®’ analysis

confirms this expected trade-off (Supplementary Materials). Finally, we also included a random,
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Figure 2: Emp, accurately captures individual differences in preference for certainty versus possi-
bility. A. Experiment 1. Participants first completed a familiarization phase with the gold-collecting game (see B),
followed by 132 room-selection trials (see D) and, finally, the LOC*? and IUC?? surveys. B. Gold-collecting game.
Participants waited in the center of a 3x3 virtual room until a gold coin appeared in one of the peripheral states.
They then selected a single action to reach and collect the coin. C. In each room-selection trial, participants chose
which of the two presented rooms they preferred for collecting gold coins. D. Rooms differed in the certainty and
possibility of reaching the gold coin. Depending on the room, some locations were entirely unreachable (e.g., Room
1 in C; D1) or only probabilistically reachable (e.g., Room 2 in C; D2). E. Model comparison results evaluating
participants’ preferences against (i) the random, null model, (ii) the number of available actions (N, ), (iii) Emp,,
and (iv) the general Bradley-Terry model***° (Methods). Expected model frequency reflects the expected propor-
tion of participants best explained by each model. PXP: Protected Exceedance Probability *°. Error bars: Posterior
standard deviation (SD). See Supplementary Materials for model-recovery analyses®”. F. Emp, captures individual
differences among participants. F1. Expected model frequencies comparing fits for £ < 1, £ = 1, and £ > 1 (see
Fig. 1C). F2. Model probability simplex showing individual participants (data points); most participants were
best explained (probability ~1) by either £ < 1 or £ > 1. F3. Individual variabilities in the extent of reachability
modulation (as in Fig. 1E2), based on the posterior expected value {. Thick lines represent group averages. See
Supplementary Materials for model and parameter recovery®’. G. Fraction of choices of different participant groups
favoring Room 1 over Room 2 (G1) and Room 3 over Room 4 (G2). Error bars: The standard error of the mean
(SEM). Red p-values: Statistically significant effects (FDR controlled at 0.05)“®. Red Bayes Factors (BF): Strong
evidence for the alternative hypothesis (BF > 3). Credit: Emojis adapted from ref.?!, under a CC BY 4.0 license.

null model to validate that our exclusion criteria had effectively removed inattentive, randomly
behaving participants (Methods and Supplementary Materials).

The choices of the majority of the 71 participants were best explained by Emp, (n = 50), followed
by the N, model (n = 17), and the general utility model (n = 4; see Fig. 2E and Supplementary
Materials); we refer to the 50 participants whose behavior was best explained by Emp, as ‘Emp,
participants.” The poor performance of the general utility model is particularly important as it
rules out the possibility that some untested measure of the sense of control could substantially
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Figure 3: Emp, predicts participants’ choices with high accuracy. Normalized accuracy rates of different
models in Experiment 1 (A), as well as in the gold trials (B) and bomb trials (C) of Experiment 2. For each
participant, normalized accuracy was computed as the cross-validated model accuracy (Eq. 11) divided by the split-
half noise ceiling (Eq. 14), which accounts for the inherent unpredictability due to noisy actions (see Methods for
details). As baselines, we also included the accuracy rates for the three measures of A-Control: Mere number N,
of actions, Klyubin empowerment '? Empkiy, and the degree-1 empowerment Emp, (i.e., Emp, for £ = 1). Emp,
reaches an almost 90% normalized accuracy rate for the Emp, participants (A1-C1) and an almost 80% for the
rest (A2-C2). Error bars: SEM Single points: Individual participants. Inset: Posterior expected values of logé
estimated separately for the first and second halves of the data (see Methods). Red p-values: Statistically significant
effects (False Discover Rate, FDR, controlled at 0.05)*%. Red BF: Strong evidence for the alternative hypothesis
(BF > 3). Credit: Emojis adapted from ref.?!, under a CC BY 4.0 license.

outperform Emp, in explaining participants’ choices. To further assess this, we evaluated the pre-
dictive accuracy of Emp, using 2-fold cross-validation®' (Methods; Fig. 3A). Emp, achieved an
average normalized accuracy of 87% for the 50 Emp, participants—with individual scores ranging
from 70% to 98% (Fig. 3A1). This corresponds to Emp, successfully predicting approximately
90% of participants’ predictable choices, where predictability was determined by a split-half con-
sistency analysis (Methods). Moreover, even for the other 21 participants whose behavior was best
explained by N, or the general utility model, Emp, achieved an almost 80% normalized accuracy
rate (Fig. 3A2). This was not significantly different from the maximum accuracy rate achieved by
the mere number N, of actions.



Emp, captures individual preferences for certainty versus possibility

We next focused on the Emp, participants and analyzed the posterior expectation { of the empow-
erment degree to determine which conceptualization of the sense of control (Fig. 1C) best aligns
with their preferences (see Supplementary Materials for parameter recovery®’). We found sub-
stantial individual differences (Fig. 2F-G), with promisingly high split-half consistency (Fig. 3A1,
inset). Approximately two-thirds of participants preferred possible reachability, while one-third
preferred certain reachability (Fig. 2F1-F2, G1-G2). Within each group, we additionally observed
considerable variability in the strength of these preferences (Fig. 2F3 and Fig. 1E2); nonetheless,
the group-averaged behavior closely aligned with the qualitative predictions of the corresponding
conceptualizations (Fig. 2G).

Notably, we did not observe any participants whose behavior was best explained by the interme-
diate case of £ = 1, which corresponds to a more complex notion of A-Control beyond the mere
number N, of actions (Fig. 2F1-F2; see also Fig. 2E); this was despite the model-recovery anal-
ysis confirming that our procedure could reliably distinguish ¢ = 1 from both ¢/ < 1 and ¢ > 1
(Supplementary Materials). The poor empirical performance of Emp, at ¢ = 1 suggests that some
well-known measures of A-Control, such as Klyubin empowerment Empg, ', do not align with the
preferences exhibited by human participants in our experiment (see Discussion). This is further
supported by the substantially lower normalized accuracy rate of Empg;, and Emp,; compared to
Emp, with varying ¢ (Fig. 3A).

In conclusion, we found strong quantitative (Fig. 2F) and qualitative (Fig. 2G) evidence for individ-
ual differences in participants’ preferences for certainty versus possibility. While Emp, effectively
captures these differences, existing measures of the sense of control do not account for such a
certainty-possibility dichotomy:.

Experiment 2: A priori readiness to collect gold or avoid bombs

We derived Emp, from the premise that the sense of control reflects a priori readiness to reach a
desired goal state that has yet to be announced. However, the correspondence between Emp, and
different normative objectives (Fig. 1C) holds for any outcome distribution that does not impose
a priori preferences over specific subsets of states (Theorem 1). In this context, it is particularly
interesting to consider loss-based outcome distributions. Decades of research in behavioral eco-
nomics have shown that human behavior can differ substantially in the loss domain, even when
choices can be exactly remapped from equivalents in the gain domain****.

To test this, we designed loss-based trials that exactly mirror gain-based ones by assigning an
equal punishment (i.e., a ‘reward” of —1) to all states except a yet-to-be-designated safe state
g. Then, Emp, would be the a prior: readiness to avoid all states except yet-to-be-announced g
(Corollary 3). In a second experiment, we then examined whether participants’ preferences for
certainty versus possibility would change when the task was framed as avoiding bombs rather than
collecting gold (n = 148; Fig. 4A-C).

The experiment included a gold block and a bomb block, where the block order was randomized
across participants (Fig. 4A). Specifically, 71 participants completed the gold block first, thereby
replicating Experiment 1 in this part, and 77 participants completed the bomb block first. The
procedure for the gold block was identical to Experiment 1 (Fig. 2A-D), with one minor difference:
Only 9 of the 12 prespecified rooms were used in Experiment 2 to shorten the total experiment
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Figure 4: 1Individual differences in preference for certainty versus possibility remain stable across
gain and loss domains. A. Experiment 2 included a gold block and a bomb block. The gold block replicated
the first two phases of Experiment 1 (Fig. 2A), using only 9 of the 12 predefined rooms (Supplementary Materials).
The bomb block followed the same structure but focused on bomb avoidance rather than gold collection. Block
order was randomized across participants. Participants completed the LOC?? and IUC?? surveys at the end of
the experiment. B. Bomb avoiding game. Participants waited in the center of a 3x3 virtual room filled with
bombs until one of the bombs randomly disappeared. They then selected a single action to reach the resulting
safe location. C. In room-selection trials, participants chose the room they would prefer to avoid bombs. D.
Model comparison results evaluating participants’ preferences against (i) the random, null model, (ii) the number of
available actions (N,), (iii) Emp,, and (iv) the general Bradley-Terry model***> (Methods). D1. Expected model
frequencies, separately for the gold trials (yellow) and bomb trials (red). Same format as Fig. 4E. D2. Fraction
of participants best explained by each model. E. Expected model frequencies comparing ¢ < 1, £ =1, and ¢ > 1
(see Fig. 1C), separately for the gold trials (yellow) and bomb trials (red). This analysis includes only participants
whose preferences were best explained by Emp, (highlighted row and column in D2). Same format as Fig. 4F1.
F. Relationship between the posterior expected values of logé in the gold and bomb trials. This analysis includes
only participants whose preferences were best explained by Emp, in both blocks (dark cell in D2). Red p-values:
Statistically significant effects (FDR controlled at 0.05)*. Red BF: Strong evidence for the alternative hypothesis
(BF > 3). Error bars: Posterior SD. Credit: Emojis adapted from ref.?!, under a CC BY 4.0 license.

time (Supplementary Materials). This resulted in 72 room selection trials per block (Methods),
for a total of 144 trials across both blocks. The bomb block followed the same overall structure
as the gold block, with one key difference: During the familiarization phase, participants played
12 rounds of a bomb avoiding game (Fig. 4B), and in the room selection phase, they chose which
room they would prefer for avoiding bombs (Fig. 4C). In each round of the bomb avoiding game,
participants began in the center of a 3x3 virtual room filled with bombs and waited until one of
the eight bombs randomly disappeared (Fig. 4B). They then selected one (and only one) available
action to move to the newly revealed safe location.

As in Experiment 1, participants were only asked to choose between pairs of rooms. They were
informed that the experimenter would play both the gold-collecting and bomb-avoiding games on
their behalf by always selecting the most appropriate action. In the bomb block, participants were
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told that they would lose one gold coin each time we failed to escape the bombs for them. To
ensure that no participant ended up in debt, we provided all participants with 50 extra gold coins
at the beginning of each bomb block (Methods). At the end of the experiment, all participants
completed the LOC and IUC surveys.

Emp, accurately predicts human behavior in both gold and bomb trials

We repeated the Bayesian model-selection procedure used in Fig. 2E, applied separately to the
gold and bomb trials. For both trial types, the choices of the majority of the 148 participants were
best explained by Emp,, followed by N, and the general utility model (Fig. 4D). The expected
model frequencies were highly similar across gold and bomb trials (Fig. 4D1) and closely matched
those observed in Experiment 1 (Fig. 2E). Consistent with these results, Emp, also predicted ap-
proximately 90% of the predictable choices of the Emp, participants (Fig. 3B1-C1) and 80% of the
predictable choices of the other participants (Fig. 3B2-C2). Together, these findings demonstrate
that the core results from Experiment 1 in the reward-seeking context generalize robustly to a
punishment-avoiding context.

However, we observed a slightly higher model frequency for Emp, in the bomb trials than the gold
trials (exceedance probability > 0.95; Fig. 4D1). Notably, the preferences of nearly 50% of partic-
ipants were best explained by Emp, in both trial types. Still, an additional 25% of participants
showed Emp,-consistent preferences exclusively in the bomb trials, while only 12% of participants
showed Emp,-consistent preferences exclusively in the gold trials (Fig. 4D2). This pattern sug-
gests that humans may be more inclined to follow Emp, in punishment-avoiding contexts than in
reward-seeking ones. We found no substantial difference between participants who completed the
gold block first and those who started with the bomb block (Supplementary Materials).

Certainty—possibility preferences are stable across gold and bomb trials

We next analyzed / separately for participants whose preferences were best explained by Emp,
in the gold and bomb trials. As in Experiment 1, we observed substantial individual differences
(Fig. 4E-F and Supplementary Materials), along with a promisingly high split-half consistency
(Fig. 3B1-C1, inset). The overall distribution of participants’ preferences for certainty versus pos-
sibility was similar across trial types and consistent with Experiment 1 (Fig. 4E vs. Fig. 2F1).
Nevertheless, we still observed a slightly higher frequency of certainty preference in the bomb
trials (exceedance probability > 0.95; Fig. 4E). This modest shift toward certainty in the loss do-
main aligns qualitatively with findings from behavioral economics*?, though the effect was notably
smaller than might be expected. Crucially, among participants whose preferences were best ex-
plained by Emp, in both trial types, we found a strong positive correlation between their ? values
in the gold and bomb trials (Fig. 4F).

In conclusion, these findings demonstrate that (i) preferences for certainty versus possibility are
relatively stable across both reward-seeking and punishment-avoiding contexts, and (ii) Emp,
reliably captures these individual differences.

Origins of individual differences in certainty—possibility preferences

Finally, we investigated potential sources of the observed individual differences in preferences for
certainty versus possibility. One hypothesis was that these differences might be rooted in some
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personality traits. To test this, we examined correlations between participants’ { values and their
responses to the LOC and IUC surveys (36 items in total). We found no significant correlations
between logf and the raw survey scores (Supplementary Materials). We then conducted a Prin-
cipal Component Analysis (PCA) on the survey responses and identified three main principal
components (Supplementary Materials). However, none of these components consistently corre-
lated with logé across both experiments. These findings suggest that the traits measured by the
LOC and IUC surveys may be distinct from the underlying factors driving participants’ behavioral
preferences in our paradigm (see Discussion).

Discussion

From planning a weekend to navigating major life decisions, our experiences are shaped by how
much control we feel we have over future outcomes. Over the past decades, the sense of control has
played a pivotal role in shaping psychological theories of learned helplessness %> self-efficacy *°,
agency > and autonomy®’. This subjective perspective highlights how people perceive, an-
ticipate, and adjust to the objective controllability of their environments. In parallel, computer
scientists and engineers have attempted to formalize notions of controllability*!"*" and empower-
ment %' from an objective viewpoint, designing artificial agents that can flexibly manipulate their
environments in pursuit of goals. Yet the absence of a single formal, unifying framework has made
it challenging to characterize the environmental factors that shape the human sense of control or
are essential for machine learning agents. This has left the relationships and inter-dependencies
between objective and subjective viewpoints insufficiently understood.

In this work, we offer such a unifying framework. We formalized the sense of control as the degree of
a priori readiness to act in future tasks, regardless of the task itself. To formalize this concept, we
introduced a novel, interpretable measure of environmental controllability, Emp,, which captures
how the structure of an environment admits flexible implementation of future tasks.

This formulation unifies a wide range of existing constructs by showing that both objective and
subjective perspectives on control reflect different statistics of readiness that an agent might opti-
mize before its task is known. The degree ¢ in Emp, characterizes this continuum: when ¢ = 1, the
measure reflects pure action availability (A-Control); values of ¢ > 1 prioritize certainty in reaching
outcomes (Cg-Control), while ¢ < 1 emphasize maintaining possibility (Ps-Control). Importantly,
across two large-scale, theory-guided experiments, we demonstrated that measuring the sense of
control via Emp, accurately predicts human preferences, providing a principled account of how
environmental structure shapes the subjective sense of control. These findings offer a foundation
for a unified understanding of control, one that bridges objective and subjective perspectives and
connects insights across machine learning and psychology.

Our framework also has significant implications for computer science and machine learning. Deep
reinforcement learning (RL) in high-dimensional environments has used the sense of control and
empowerment for learning controllable state representations’? and self-supervised skill discov-
ery%"%. Similarly, states with high controllability have been considered to be intrinsically re-
warding*°* %0 in relevant forms of RL%"%. However, the information-theoretic measures that
typically underpin these works®"!%°1%3 have lacked the transparent and explicit links that Emp,
enjoys to standard RL objectives, such as maximizing expected reward or minimizing the chance of
failure. We suggest that Emp, may, therefore, be a valuable alternative building block for intrinsic

control-driven RL.
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Currently, however, a limitation of Emp, is its focus on the notions of ‘tmmediate readiness’ and
‘one-step reachability.” In real-world settings, multiple intermediate actions are usually required to
carry out tasks, and any meaningful notion of controllability must extend to multi-step horizons.
However, the generalizations in classical control theory”!” or information theory '* to multiple steps
do not point in the same direction, and various possible assumptions remain highly debated'*%*.
Thus, a prominent question for future research is to examine extensions of Emp, to a multi-step
setting. A second current limitation of Emp, is its assumption that an agent believes to be aware
of the true dynamics of the environment. However, most real-world settings involve epistemic
uncertainty, which must be accounted for by the agent to both quantify and seek control. Thus,
another prominent question for future research is to account for the imperfect knowledge of the
environment in Emp, and to model the interplay between control-seeking and different forms of
information-seeking (e.g., see ref.”%).

Empirically, we found substantial individual differences in participants’ fitted values of £. The lack
of consistent associations between these values and standard trait-based LOC and IUC measures
aligns with recent findings on the generally weak, or even absent, relationship between survey-based
measures and cognitive task performance® 7. Thus, in future studies, it would be interesting to
explore links with distinct cognitive capacities, such as working memory, executive function, or
risk sensitivity, possibly through batteries of cognitive tasks (e.g., as in ref.%®). It would also be
important to examine the psychometric properties of ¢, including its test-retest reliability > °" and
generalizability across other contexts. Crucially, existing protocols that measure the human sense
of control, whether by manipulating homogeneous action-outcome noise'%'%!%?! (Theorem 2) or
by relying on deterministic games® ™, are inadequate to identify ¢ (Proposition 3), having left a
key aspect of control sensitivity previously inaccessible.

An important advantage of a unified measure of the objective controllability of the environment is
that it licenses richer examination of the dysfunctional psychological processes that might underlie
biased subjective reports. This may aid our understanding of, for instance, how incorrect beliefs
about the environment’s dynamics based on over-generalization may make us fall into helplessness
even when we can objectively control the environment®, or why we may experience illusions of
control when none exists "', if we perceive the mere availability of actions as the ability to control,
regardless of actual action-outcome contingencies®.

In conclusion, we introduced a formal and integrative framework for the human sense of control,
grounded in the notion of a priori readiness for unknown future tasks. By unifying divergent
theoretical perspectives under a single, interpretable parameter, our measure reconciles previously
conflicting views on controllability and provides a principled link between objective environmen-
tal structure and subjective experience. Across two experiments, we showed that our measure
not only captures key behavioral regularities but also reveals stable individual differences in how
people value certainty versus possibility. These findings open up new avenues for understanding
the foundations of agency, individual variation in control sensitivity, and their relevance across
domains. Together, our results mark a step toward a unified science of control, one that can bridge
minds and machines, theory and data, and certainty and possibility.
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Methods

Experimental procedure

Ethics statement. Both experiments were approved by the ethics committee of the University of
Tibingen. All participants consented to participation through an online consent form and a second form
for the data protection protocol, presented in the beginning of the experiments.

Participants. Participants were recruited from the Prolific platform (n = 116 for Experiment 1 and
n = 307 for Experiment 2, before exclusions). There were only three prescreening conditions: (i) fluency
in English, (ii) age between 18 and 65, and (iii) a Prolific approval rate of higher than 95% (Experiment 1)
or 99% (Experiment 2). We did not impose any additional pre-screening conditions, such as those based
on participants’ nationality, country of residence, or educational background. Participants were paid a
fixed participation fee plus a performance-contingent bonus.

Experiment 1. Participants first practiced moving around in one deterministic and one probabilistic
room (without any gold coin). Then, they played 12 rounds of the gold-collecting game in the same
deterministic and probabilistic rooms. This was followed by an instruction about the room-selection
procedure and how their choice of rooms would influence their bonus. Then, they practiced four room-
selection trials followed by a comprehension test. Importantly, in one comprehension question, participants
were presented with the perfect room, which had eight deterministic actions, where all peripheral locations
were certainly reachable (i.e., equivalent to ¢; in the thought experiment). They were asked, ‘How could
we increase the chance of gold-collecting in this room?’ and had three options: ‘By making actions
probabilistic,” ‘By adding more actions,” and ‘The chance of collecting the gold is already maximum in
this room.” They could continue the experiment only after selecting the correct option (i.e., the third
option).

Participants performed 132 (= 12x11) room selection trials where they compared every pair of rooms twice
(from the 12 predefined rooms; Supplementary Materials), with randomized spatial arrangements. The
pairs were presented in shuffled order. Trials were aborted with a warning (and no bonus) if participants
failed to choose a room within 10 seconds; no participant had more than 5 aborted trials. One of the 12
predefined rooms in the experiment was the perfect room mentioned above; hence, there were 11 trials in
which participants had to choose between the perfect room and one of the other 11 rooms. We defined
‘perfect-room preference’ as the fraction of these 11 trials where the participants chose the perfect room.
We excluded participants whose perfect-room preference was lower than the 95% quantile chance level
(i.e., 0.7 for 11 trials). The remaining participants were included in our analyses (n = 71; 35 Female, 36
Male; age 34+12). The excluded and included participants had clearly different performance statistics,
apart from those used for exclusion (Supplementary Materials). This provides further confirmation that
the exclusion criterion removed participants who indeed were not paying attention during the experiment.

Experiment 2. For the 156 participants who completed the gold block first, the general procedure
for the gold block was identical to Experiment 1, with 9 rooms instead of 12 (Supplementary Materials).
After completing the gold block, these participants were told that they would receive an additional 50
gold coins as a prize for their efforts and were asked to ‘protect their gold coins’ by avoiding the bombs.
For the participants who completed the bomb block first, the initial instructions were also similar to those
in Experiment 1, but bomb avoiding was the primary task. Initially, they were given 50 gold coins and
were asked to protect the coins by avoiding the bombs. After completing the bomb block, they were told
that they could collect more gold coins as a prize. For both conditions, and for both bomb and gold
blocks, participants were required to complete a comprehension test. We included the question about the
prefect room in all comprehension tests.
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All participants completed a total of 144 (=72x2) room selection trials. Trials were aborted with a
warning (and no bonus) if participants failed to choose a room within 10 seconds; we excluded participants
with more than 5 aborted trials in either of the gold or bomb blocks (n = 4). One of the 9 predefined
rooms in the experiment was the perfect room mentioned above; hence, there were 8 trials in each block,
where participants had to choose between the perfect room and one of the other 8 rooms. We excluded
participants whose perfect-room preference was lower than the 95% quantile chance level (i.e., 0.75 for 8
trials) in either the gold or the bomb block. The remaining participants were included in our analyses
(n = 148; 56 Female, 89 Male, 3 ‘Rather not say’; age 32+10). The excluded and included participants had
clearly different performance statistics, apart from those used for exclusion (Supplementary Materials).
This provides further confirmation that the exclusion criterion removed participants who indeed were not
paying attention during the experiment.

Sample size estimation. The number of trials and the rooms were selected based on the model- and
parameter-recovery analysis to dissociate different models and infer ¢ (Supplementary Materials). The
number of participants was chosen to be more than 70; accordingly, we would have gotten a maximum
SEM of 5-6% for estimating the fraction of participants in a specific group, i.e., 1/0.52/70 = 0.06.

Additional exclusion for surveys. Participants completed the LOC?? and IUC*® surveys at the
end of both experiments. The LOC survey quantifies how much an individual attributes the causal sources
of events to themselves (8 questions; I-LOC), to chance (8 questions; C-LOC), and to powerful others (8
questions; P-LOC), whereas IUC quantifies an individual’s degree of uncertainty intolerance and aversion
(12 questions). In compliance with our ethics approval, the surveys did not influence participants’ bonuses,
and the participants could skip any question they wished. Participants who skipped any questions were
excluded from the analysis of the survey data. Additionally, we included three trivial questions (e.g.,
asking whether the participant could read) as attention checks. We also excluded participants who failed
more than one attention check from further analysis (see ref. ), leaving a total of 177 (56 for Experiment
1 and 121 for Experiment 2) participants for the analysis of the survey data.

Modeling and analyzing experimental data

General setting. We denote the participant’s response at trial ¢ by y € {1,2} and the pair of
presented rooms by x; = (x1,2¢2) € {1,... , N, }2, where N, is the total number of rooms (i.e., 12 for
Experiment 1 and 9 for Experiment 2). We denote the data of participant n by D,, = (:Ul(tn),yt(n)) tTgl,
where T, is the total number of completed room selection trials by participant n. If there were no aborted

trials, then T}, = 132 for Experiment 1 and T;, = 72 for each block of Experiment 2.
Model likelihood formulation. Given a model m and its parameters 6,,, the probability that a
participant selects the first presented room (i.e., y; = 1) is

eﬁm‘vm(xt,ﬁem)

(2)

Py = Lt B Oms M) = g Gy T P V(e

where Vp,(24;6p) is the ‘value’ assigned to room x;; by model m, and 3, > 0 is the model inverse
temperature that controls the sensitivity of decision-making to the model’s assigned values. For the
random and N, models, there is no parameter 6,,, and we have

VRand(z,i) =0 and Vi, (21i) = Na(2t,), (3)
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where N (z¢;) denotes the number of actions available in room x;;. For the Emp, model, we have
OFmp = £ and
Vimp (@455 ) = Empy(z4,:), (4)

where Emp,(x¢;) is the Emp, value assigned to the central state in room z;;. For the general Bradley-
Terry model**%?, we have gen. € RV and

VGenA(-Tt,i; OGen.) = 9Gen.,:vm'a (5)

meaning that the value assigned to each room is considered as a free parameter®”. Without loss of
generality, we always assumed 0gen.,1 = 0, implying that fgen. ; quantifies the differential value of room j
relative to room 1.

35,44

As is the typical assumption in pairwise comparisons , we assumed independence between different

trials. This implies that the total log likelihood of D, is

Tn
10g (Dl B, ) = Y log p(u™ 2™, By, O 1), (6)
t=1

Model selection. We first performed a non-hierarchical inference, considering different participants to
be fully independent of each other. Specifically, we considered that a participant’s data D was generated
according to the following generative model (see®”"% )

m ~ Uniform (Rand.7 Ng, Emp,, General)
Brmlm ~ Nirune(0,00) (0, 10)
Om|m ~ pp,
Dy By Oy m ~ p(| By Oy m),

(7)

where Niunc(0,00) (0, 10) is a truncated normal distribution (between 0 and oo, with mean zero and SD
10) acting as a rather uninformative prior for 3,,; the prior distribution p,, for the parameters 6, will be
presented separately for each model. The data likelihood p(.|Bm, Om, m) is given by Eq. 6.

For the random and N, models, there is no 6,,. For the Emp, model, we assumed 6,,, = ¢ with p,, =
Ntmnc(o,oo)(o, 5) as a rather broad prior. For the general model, we assumed that the components of
0, € RN are statistically independent, Om1 = 0, and 0, ; ~ N(0,1); the idea is that 6,, captures the
scaled preferences between rooms (with a prior variance of 1), whereas f3,, scales the preferences to drive
action-selection.

For each participant n, we used Markov Chain Monte Carlo (MCMC) methods to evaluate the posterior
probability p(m,|D,,); all inferences were based on a Gibbs® combination of Hamiltonian Monte Carlo
(for continuous variables) and Metropolis-Hastings algorithms (for discrete variables), as implemented in
Turing.j1’®. Model recovery analysis®’ showed that the model selection based on the generative model
of Eq. 7 successfully recovered the true underlying generating model of the data, even when the prior
distributions for parameters did not match the exact ones in Eq. 7 (see Supplementary Materials).

Noting that log p(m,|D,,) = log p(Dy|my, )+ const., we used log p(my|D,,) as the log-model evidence in the
hierarchical generative model of ref.?’: Assuming that m,, = m with with some model frequency 7, that
is shared across participants (see ref.””*"). The frequencies were assumed to have a Dirichlet prior with
uniform mean and 1/4 concentration parameters, with 4 being the number of models. Fig. 2E and Fig. 2D1
show E[r,,|D1.n] and /Var[r,,|D1.x], where Dy.y is the concatenated data of all N participants; we have
N = 72 for Experiment 1 and N = 148 for Experiment 2. PXP denotes P[ry, > 1, Vm' # m|Dy.n],
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with additionally accounting for the null hypothesis that all models have the same frequencies®®. We
assigned a winning model 7, to each participant, where we defined m,, = argmax,, P(m, = m|Di.n)
(Supplementary Materials). Fig. 4D2 shows the fraction of the winning models. All the inferences for the
hierarchical model were done through a second MCMC procedure using the Metropolis-Hastings algorithm
(same as ref. 7).

Inferring ¢. For inferring ¢, we only included the Emp, participants, i.e., those with i, = Emp,. For
inferring the range of ¢, we used the same 2-step model-selection procedure as above to infer a second
model m' € {£ <1, £ =1, £ > 1}. For £ < 1, we considered £ ~ N unc(0,1)(0.5,1), and, for £ > 1, we
considered £ ~ Mrunc(l,oo) (1,2). Model recovery analysis®” showed that the model selection based on these
assumptions successfully recovered the true range of £, even when the prior distributions for parameters did
not match the exact ones we used (see Supplementary Materials). Fig. 2F1 and Fig. 4E show the expected
model frequencies for this model selection, and Fig. 2E2 shows the probability of m/, for individual
participants. Given the winning model, 7, a second inference was done to evaluate p(¢,|D,,m));
the values in Fig. 2F3 and Fig. 4F corresponds to £, := E[(,|D,, /] and logé, = E[log{,|D,,m/,],
respectively.

Statistical tests. All frequentist statistical tests were either a one-sample paired t-test (Fig. 2G and
Fig. 3 outsets) or a correlation test (Fig. 3 insets and Fig. 4F). The correction for multiple hypotheses
testing was done by controlling the FDR at 0.05°° over all 31 null hypotheses that are presented in Fig. 2
(6), Fig. 3 (24), and Fig. 4 (1); p-value threshold: 0.040. All Bayes Factors (abbreviated BF in the figures)
were evaluated using the Schwartz approximation”” to avoid any assumptions on the prior distribution.

Normalized accuracy rates

General theory. Given a participant, we denote the true data distribution by py, i.e., pa(y|z) € [0, 1]
denotes the true probability with which a participant responds y when presented with the pair x of rooms.
Similarly, a model of the participant is specified by p,, (as in Eq. 2). Given a pair x of rooms, the model
predicts that the participant responds 1 if p,,(1|z) > 0.5. Otherwise, it predicts that the participants
respond 0 if p,,(0]x) > 0.5. There will be a tie if p,,(0|z) = 0.5. Accordingly, the theoretical accuracy
rate of the model is defined as*"™

QO - = E[ﬂpm(y|z)>05]

= Zp(x) Z pd(y|x) X Ilpm(y|ac)>0.5 . (8)
x Yy v, D e
—— true probability of y whether the model predicts y

averaged over all pairs

where 1 is the indicator function (with the abuse of notation 1gs-0.5 := 0.5), and p(z) is the experiment-
dependent distribution of the pairs of presented rooms. We can similarly define the accuracy rate oy of
the true model py as

ag = E[Lp,ye)>0.5] = Zp(x) Zpd(y|x)ﬂpd(y\x)>0-5' 9)
T Yy

It is straightforward to show that

> payla) Ly, (yay>05 = max{pa(0lz) , pa(l|z)}

! (10)

> Z pd(y\x) ]lpm(y|m)>0.5
Yy
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for any model m. Hence, we can recover a well-known result of statistical learning*"™ that o, < ag for
any model m. This implies that ay is the maximum possible accuracy rate which we could achieve only
if we knew the true data distribution pg (or, at least, the choices of x where py(1]|z) > 0.5). Accordingly,
the ratio ay,/ay quantifies the fraction of predictable actions that model m can predict correctly. The
rest of this section aims to find a cross-validated estimate of «,, and an upper-bound estimate of .

Cross-validated estimation of model accuracy rate. Given a model m, the empirical accuracy
rate &y, is often defined as*!"®

T

. 1

Ay 1= T Z I[pm(yt|:t:t)>0.57 (11)
t=1

which is an unbiased estimation of the accuracy rate, i.e., E[dy,] = ay,. For each participant, model m can
be any of our specified models that is fitted to the participant’s data. We used two-fold cross-validation
to find an unbiased estimate of «,,, for such fitted models™.

Since we have included each pair of rooms twice in the experiment, we can split the data D,, of participant
n into two ‘independent’ replications. For the sake of notation, we define N,,, = N,.(N, — 1)/2 to be the
number of unique pairs of rooms and define {x1, ..., zy,, } as the set of unique pairs of rooms. For example,

we have N,, = 66 for Experiment 1 and N,, = 36 for each condition of Experiment 2. Considering yl(q)

and yz(g) to be the two responses of participant n to the presentation of the pair z;, we split the data D,
into
Nyrp Ny
Duy = {(@i i)} and Dugz = {(xi )} (12)

Then, for a given model m, we define

p(y|$7m) Dn,2) = fp(y|$)m) 9m7ﬁm)p(97ruﬁm|ma Dn,2)d9mdﬁma if Yy € Dn,l

13
P(y|$7m7 Dn,l) == fp(y|$7m7 977’L75m)p(977’mﬂm|m7 Dn,l)demdﬁmy lf Yy € Dn,Q ( )

pm(ylz) = {

to be used in Eq. 11. To avoid any data contamination or assumption on ¢, for the Emp, model, we used
a broad prior £ ~ Mrunc(07oo)(0, 10) with no limitation of the model range. The inference was done using
the Hamiltonian Monte Carlo algorithm as implemented in Turing.j1". The data points in Fig. 3 show
E[log ¢,,| Dy, 2] versus E[log ¢,,| Dy, 1].

Split half noise ceiling. We additionally used the splits in Eq. 12 to find a rough estimate of the

maximum accuracy rate ag as
1 1 NTT
At L
Qg = 5 (1 + N,., ZZ: ILyz‘,1=yi,2> : (14)

Assuming that y; 1 and y; o are statistically independent, it is straightforward to show that d; is an
unbiased estimate of an upper bound on ay:

14+ ay

0.5 <aq <E[a]] < 5

<1. (15)

The normalized accuracy rate in Fig. 3 refers to &,/ d;, where &, is evaluated by 2-fold cross validation.
The noise ceiling of 1 corresponds to a model m that achieves &, = &:{.

Linking normative objectives to Emp,

General setting and notation. In this section, we show how normative objectives in Fig. 1C can
be expressed in terms of Emp,. We consider an agent that interacts with an environment defined by a
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state space S, a state-dependent action space A(s) at state s, and the probability p(s|s, a) for transition
to state s after taking action a in state s. We denote the number of states and actions by Ny :=|S| and
Ny(s) := | A(s)]|, respectively. Capital letters represent random variables; when no ambiguity arises, we
omit the capital letter notation. The agent’s policy in state s is specified by the probability 7s(a) := 7(als)
of selecting action a.

Readiness for a to-be-announced goal state. To quantify the agent’s sense of control in a
given state s, we start from the notion that the sense of control is the degree of ‘a priori readiness
for immediately collecting rewards or avoiding punishments,” by being sensitive to any to-be-announced
extrinsic reward function Rext(s). Specifically, we first consider the case in which Rext(s) = 1s—¢ rewards
agents upon visiting a goal state G, where the goal state G is a priori unknown — considered as a random
variable with a uniform distribution over S. The idea is thus to ask ‘Which state one should attempt to
stay in to be best prepared to reach G in one step when the goal is announced?’ If the goal state G was
known, then we could find the immediate optimal ‘value’ of state s:

Vi(s;G) = max p(s']s, @) Rext (s)
a€A(s) ies
(16)
= max p(G|s,a) =: pmax(G|S),
a€A(s)
where pmax(G|s) is the immediate reachability of state G from s in one step. Hence, to be ‘ready’ to reach
G when announced, the agent must locate itself in states with a high value of V. (s; G). However, since G
is a random variable, V,(s;G) is also a random variable. Hence, being ‘ready’ to reach a goal state and,
equivalently, the sense of control associated with s must be defined based on some statistics of Vi (s; G).

One possibility is that the agent feels ‘ready’ when it is in a state with the highest ezpected value, where
the expectation is taken over possible choices of the goal state G:

BV (5:G)) = v 3 (e ]s) = () a7)
S ses s

where Emp; (s) is the degree-1 empowerment defined in Eq. 1. As is precisely stated in Proposition 1 below,
this measure quantifies the number of effectively distinct actions; more intuitively, Corollary 1 shows that
Emp, (s) can be seen as a regularized version of N,(s), where regularization accounts for overlap between
the outcome distributions of different actions. Specifically, if there are only two available actions, then
Emp, (s) can be expressed as a well-known distance of p(.|s, al) from p(.|s, a2), explicitly quantifying their
distinction (Corollary 2) Hence, being ready in terms of expected future rewards resembles maximizing a
notion of A-Control (Fig. 1C).

Proposition 1. For £ =1, we have

Emp(s) =1+ Y Alas), (18)
a€A(s)

where A(a; s) measures how distinct a is from the other actions:

Mo = 3 | X (1) = plee.) (19)

a’€A(s) | s'e€S*(a;s)

with 8*(a;8) C S the set of states where a = argmaxg p(s’|s,a); when there are ties, we assume that
arg max returns one action based on a given ordering.
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Proof: See Supplementary Materials.
Corollary 1. For ¢ =1, we have

Empy(s) = Na(s) = (Nuls)=1)(1-A()

S—— _ (20)
mere number of actions reqularization regarding action distinction
where A(s) measures the variability of actions in state s:
2. Ala; s)
A(s) 1= AL [0, 1] (21)

Ny(s) =1

with A(a; s) defined in Proposition 1. Additionally, we have A(s) = 1 if and only if p(.|s,a) have disjoint
supports for different actions; this results in mazximum degree-1 empowerment: Emp,(s) = Ny(s). On
the other hand, we have A(s) = 0 if and only if all actions have the exact same p(.|s,a); this results in
minimum degree-1 empowerment: Emp,(s) = 1.

Proof: See Supplementary Materials.

Corollary 2. If A(s) = {al, a2}, then Emp,(s) = 1+ drvy [p(.|s,a1),p(.|s,a2)], where dry denotes the
total variation distance.

Proof: See Supplementary Materials.

Another possibility is that the agent feels ‘ready’ when it is in a state where it has the highest chance of
certainly getting a reward:

I Emp, (s
BA(5:6) = 1) = 0 Jim 3 pflslle) = 20eel), (22
s s'eS °

where Emp_(s) is the degree-co empowerment defined in Eq. 1. This measure counts the total number
of certainly reachable states from state s. Hence, being ready in terms of the highest chance of certain
rewards resembles maximizing a notion of Cg-Control (Fig. 1C). A third possibility is that the agent feels
‘ready’ if it is in a state where it has the lowest chance of NOT getting a reward:

1 . Empg(s
P(Va(5:G) > 0) = - im 3 gl (]s) = b0l?), 23
s s'eS s

where Empg(s) is the degree-0 empowerment defined in Eq. 1. This measure counts the total number
of possibly (even if extremely unlikely) reachable states from state s; hence, being ready in terms of the
lowest chance of NOT getting rewards resembles maximizing a notion of Pg-Control (Fig. 1C).

Extension beyond a to-be-announced goal state. Eq. 17, Eq. 22, and Eq. 23 show how Emp,
relates to different normative objectives, under the assumption that there is only a single rewarding state.
Here we show that the correspondence of Emp, to different normative objectives holds for a much broader
class of reward distributions. Specifically, we consider a distribution over state-based reward functions
Rext : S — R with the following constraints (see Supplementary Materials for the precise statement): 1.
The distribution over reward function Reyt is invariant to permutations of Reyt (i.e., there is no a priori
preference for particular states). 2. There is almost surely only one best state. Theorem 1 below shows
that increasing Emp, increases both upper and lower bounds of different normative objectives.

Theorem 1. Suppose the assumptions 1-2 hold for the distribution of reward function Rex. We denote
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the maximum reward by the random variable

Resy = max Rexy(5)

and the most negative reward value by the random variable
—%

ext * Isnelg ReXt(S) ]]-minseg Rext(s)<0*

Then, there exist constants cg, Co, b1, c1, By, C1, and Cs € RT, dependent solely on the distribution of
reward function, such that the following holds.

1. The probability of a certain mazimum reward is proportional to degree-oo empowerment:

P(Vi(s; Rext) = Ry > 0) = CooEmp, (). (24)

ext

2. Degree-1 empowerment bounds the expected reward:

b1 + c1 Emp,(s) < E[Vi(s; Rext)] < B1 + C1 Emp,(s) (25)

3. Degree-0 empowerment bounds the probability of possibly receiving a reward higher than the mini-
mum negative reward:

co Empg(s) < P(Vi(s; Rext) > Roygy) < Co Empg(s) (26)

For all bounds, equality holds if Rext(s) = ls=¢ with G ~ Unif(S).
Proof: See Supplementary Materials.

Remark 1. All results of Theorem 1 hold if the realized rewards are stochastic, and Rext : S — R denotes
their state-based expectation.

Corollary 3. If Rex(s) = ls—g — 1 with G ~ Unif(S), then we have E[V,(s; Rext)] = Empi(s)/N, — 1 for
the expected reward, IP’(V*(S;RCXt) = 0) = Emp..(s)/N, for the probability of a guaranteed no-punishment,
and ]P’(V*(s; Rext) > —1) = Emp(s)/N, for the probability of possibly no-punishment.

Proof: See Supplementary Materials.

Emp, as a function of self-inefficacy and noisy action execution

The notion of self-efficacy **? is primarily concerned with the extent of control an agent feels over exe-

cuting its desired actions. It is important to note that control in the sense of ‘achieving desired outcomes’
is distinct from control in the sense of ‘executing desired actions’, although these are related”**%. Here,
we show that introducing self-inefficacy in terms of action-execution noise naturally decreases Emp,. This
demonstrates that quantifying controllability via Emp, is conceptually consistent with these psychological
theories 2420,

Formally, we distinguish between an agent’s intended action a in state s and the executed action aexc-
We can then model noisy and erroneous action execution by assuming that aex is most of the time (with
probability 1 — €) equal to the intended action a, but is sometimes (in the case of error, with probability
€) sampled from a noise distribution myeise independently of the agent’s intended action, i.e.,

Texc(@exc$, @) = (1 — €) Lageye=a + € Tnoise (excl$)- (27)
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Accordingly, if the environment transition probabilities, given the executed action aeyc, are described by
p, then the agent’s perceived transition probabilities, given its intended actions, are described by

pe(s']s,a) = (1 —€) p(s'|s, a) + € Poise(5]5), (28)

where pnoise(s'|s) 1= Y, p(s']s,a’)Tnoise(a’]s) is the next state distribution in the case of a noisy and
erroneous action selection.

This formulation connects the execution of desired actions to the achievability of desired outcomes. Specif-
ically, our formalism closely matches the original conceptualization of self-efficacy in psychology?®, and
the equivalents of our noise probability ¢ have indeed been used previously as operationalizations of self-
inefficacy in experimental studies'®®’. Theorem 2 below shows that, for all ¢, the perceived degree-¢
empowerment of state s indeed decreases by increasing the probability e of the execution noise. Theo-
rem 2 additionally shows that Emp, accounts for the causation-prediction distinction proposed by ref. '
as a necessary property of formal measures of the sense of control.

Theorem 2. Suppose the action execution is noisy as in Eq. 27. Then, the perceived degree-f empower-
ment of state s, derived based on p(s'|s,a) in Eq. 28 and denoted by Emp, (s), is a decreasing function
of €, i.e.,
OEmpy, (s) <0 (29)
Oe
foralls €S, e€[0,1], £ >0, Toise, and p.

Proof: See Supplementary Materials.

Existing measures of the sense of control

In this section, we review different existing measures of the sense of control in Fig. 1C. We also demonstrate
how the various measures relate to different conceptualizations.

Mere number of actions. The simplest existing measure is the mere number N,(s) of actions
available in state s (e.g., see ref.!). This serves as a crude measure of A-Control. In the toy example
of Fig. 1A, an agent’s sense of control based on N,(s) follows the ranking in Fig. 1B2. However, the
main issue with N,(s) is that it does not account for the degree to which the actions are distinct. For
example, duplicating the action to the painting class in ¢y would increase its ‘controllability’ according to
N, (s). Two more appropriate alternatives are the (1-step) Klyubin-empowerment'® Empgiy(s) and the
maximum outcome entropy "' Hpax(s); we discuss these alternatives next.

Klyubin-empowerment. The (1-step) Klyubin-empowerment Empxiy(s) is defined as the maximum
mutual information between the next state S’ and the current action A, conditioned on the current state
S =s:
Empgiy(s) : = max I (S, A|S = s)
U e ——

transfer entropy '*

:max<H7r[A|S:s]— HL[A|S', S = s] )
N— — N—

Ts

(30)

action diversity  regularization regarding action distinction

where I; and H,; denote mutual information and entropy, respectively, under policy m; we note that,
in the 1-step case considered here, Eq. 30 is equivalent to other formulations and generalizations of the
Klyubin-empowerment '>%*. In the reformulation of mutual information (the second equality in Eq. 30),
the first term H,[A|S = s] quantifies the action diversity at state s and is a proxy of the total number
of actions at state s; e.g., its maximum value is log N,(s). On the other hand, H;[A|S’, S = s] quantifies
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the ambiguity of action A in light of S and S’ (i.e., how accurately the agent can infer its past action
based on the transition). Hence, e®™Pkiy(s) € [1, N,(s)] can be seen as a regularized version of N,(s) and
a measure of A-Control, similarly to Emp,(s) (Corollary 1).

In the toy example of Fig. 1A, an agent’s sense of control based on Empkiy(s) follows the ranking in
Fig. 1B2. The mutual information I.(S’, A|S = s) is also known as (conditional) transfer entropy, which
is another proposed measure of the sense of control'*. It is straightforward to show that, for any choice
of 7, an agent’s sense of control based on transfer entropy also follows the ranking in Fig. 1B2. Hence,
conceptually, Empgjy (and transfer entropy) quantifies a notion of action-distinction and hence A-Control.

However, action distinction is the only quality of a state that Empk), quantifies. Specifically, Empy,
does not consider the outcome distribution of different actions as long as they are distinct. Proposition 2
below makes this statement precise, connects Empgi, to the Emp,, and showcases that Empy;y is blind
to certainty-possibility dichotomy.

Proposition 2. Suppose A(s) consists of M(s) partitions {A1(s), ..., An(s)(s)}, where: 1. All actions
within each partition are identical, i.e., p(.|s,a) = p(.|s,a’) if a and @’ are in the same partition. 2.
Actions in different partitions lead to distinct sets of next states, i.e., p(.|s,a) and p(.|s,a’) have disjoint
supports on S if a and a’ belong to different partitions. Then, we have Emp,(s) = eP™Pxiv(s) = M (s),
independently of the exact transition probabilities.

Proof: See Supplementary Materials.

Maximum outcome entropy. The (1-step) maximum entropy Hax(s) quantifies the diversity of
the potential next states that an agent can reach:

Hopax(8) := max H,[S'|S = s, (31)

where H[S’|S = s] denotes the Shannon entropy of S’ under policy 7 (Fig. 1C). In the toy example
of Fig. 1A, an agent’s sense of control based on Hyy.x(s) follows the ranking in Fig. 1B3. Accordingly,
Hyax(s) can be seen as a measure of Cg-Control, but it is important to note that Hpax(s) ignores any
notion of certainty of outcomes or distinctiveness of actions.

Sensing control in deterministic states

A deterministic state is uniquely characterized by the transition function 7'(.,s) : A(s) — S that deter-
mines the next state s’ given the previous state-action pair s, a, i.e.,

p(s'\s,a) = I[s’:T(s,a)' (32)

We call two deterministic actions ‘distinct’ regarding their outcome if they take the agent to different next
states, i.e., if T'(s,a) # T(s,d’); otherwise, the two actions are indistinguishable regarding their outcome.
As a result, in a deterministic state, the number of distinct actions is equal to the number of reachable
next states expressed as [{T'(s,a) : a € A(s)}|. Proposition 3 below shows that, in deterministic states,
different measures of the sense of control are indistinguishable from each other. Notably, they all assign
the highest value of the sense of control to central hubs #6070,

Proposition 3. Suppose s € S is a ‘deterministic’ state with transition function T as in Eq. 32. Then,
we have Emp,(s) = e®™Pkiy(5) = ¢Hmax(s) — {T(s,a) : a € A(s)}| for all £ > 0.

Proof: See Supplementary Materials.
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